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2. Observation of phase transition

3. Nature of instability (LE spectra,
periodicity properties (Floquet))
4., Stochastic treatment of transition
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Motivation
e Nonequilibrium phase transition
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e Fluctuation in systems far away from equilibrium

Vig) 4 f(q)

« Instability may lead to spatial, temporal or spatio-
temporal behaviour

« Self-organisation as result of complex dynamics

* Profound understanding of instabilities of stationary,
time periodic and quasiperiodic states (phys., biol.,
chem. systems)— instabilities in chaotic systems
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Motivation

The ABCDE model

Low-dimensional model for generation of dynamo effect
(geo-dynamo, solar-dynamo, astrophysical objects)

Investigation of electrically conducting fluid heated from below
Hayleigh Benard Convection

Convective motion
(Rayleigh-Benard)

convection
cell

Derivation from corres-
ponding magnetohydro-
dynamic equations by
truncation of suitable
mode expansion
(analogue to
Boussinesg—Lorenz)

cirecton of
tnass flow



Underlying equations

ABCDE model

Miinster

» Lorenz equations nonlinearly
coupled to two additional

by = —easby + by degrees_ of_ freedom related to

magnetic field modes

51 — —ealbl + D;’T-bz

- « Excitation of additional degrees

=o0(—z+y)—bibs of freedom due to instability

j=—y+ (r—2)z resulting in dynamo action

z=—-bz+zxy e Saturation of magnetic field as
result of back coupling (might lead
to non-magnetic convection)

* Near transition, intermittent
behaviour of magnetic field modes




Nonequilibrium phase transition in the
wiheima-u ABCDE Model — numerical results
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Estimation of onset of instability by means of characteristic exponent

Transformation into hyperbolic coordinates

by = rcosh(d), by = rsinh(o)

Gives rise to
dir = er|—ay + (ag — aq) Silﬂlg(qf'))]
dip = —€(ag — aq) sinh(¢) cosh(o) + ax

Characteristic exponent (no back coupling on Lorenz equation):

r(t) = r(0) exp|[A(?)t]

1 i
A(t) = e(—a1 + (ag — {11)?/ sinh® éo(7)dr)
0
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Figure 4.1: Characteristic exponent A as function of the control parameter € for two different initial conditions
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Nonequilibrium phase transition in the
ABCDE Model — numerical results
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Figure 4.5: Moments (r(t)) and (r(t)?) as function of ¢
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Figure 4.2: Time series of variable »(t) for different values of . {(a) e =2, (b} e =3, (c) e =4, (d) e = 4.5, (e}
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Figure 4.3: Projection of five dimensional phase space on the Lorenz subspace (first column) and projection
onto the » — v plane (second column), respectively. (a) e =2, (b e =45, (c) e =T
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e ABCDE Model — numerical results
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Figure 4.4: Projection of attractor onto the by-bs plane for (a) e =2, (b) e =45, (c) e=52, (d) e=T
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Nonequilibrium phase transition in the
ABCDE Model — Lyapunov exponents

Lyapunov characteristic exponents:
Averaged rate of divergence
(or convergence) of two
neighbouring trajectories

Spectrum of Lyapunov characteristic exponents :

A; = lim llll(dgi(t)

trajectory J
t—oo dr




i Nonequilibrium phase transition in the

wilhelms-Universitit ABCDE MOdeI - Stablllty anaIySIS
Model system: : 3
- | | T=€r—I
(sliding motion of ball in vase)
x ,
> Stability analysis: 'J;(t) = 1o+ O;U(t)
0 -
Linearisation: O = €02 . e<0
—2€01 e >0

Lyapunov exponent:

€ e <0
Q{—Qe e > ()




Westfalische
Wilhelms-Universitat
Miinster
bl = —€a1b1 + Oc’f(fbg
bg e —Ea2b2 + Oc’f(fbl
t=o(—x+y) — biby

—y+(r—z)z
—bz 4+ xy

x 10
Dg_o o B 5oa g @ 8 & ® 8 !
f“:‘-ﬂaﬂ + ﬁﬁﬂnwwwanaﬂﬂwm
0.8 =
2 3 4 5 5] 7 2 3 4 5 [} 7
H &
02t ., - 08
o o =t
~ 0 + + * = L ® e !
+ + + T o
] o
@ -1.8+ N 4 o
0.2l | .
2 3 4 5 (3] 7 2 3 4 5 & 7
E E
14,35,
o -14450 7
= +
-14.93¢ +
o oa oD D o8 & & 4
2 3 4 5 5] 7
E

Figure 6.3: The five Lvapunov exponents in dependence of the order parameter €. A, o signals no back coupling
of b onto x variables. B. (4 denotes result obtained with back coupling. Special attention is paid to the influence
of the back reaction on the behavior of As



Lyapunov characteristic exponents

hobclrerae Special case: limit cycle
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Figure 6.6: Lyapunov exponents in case of limit cvele (v, = 147.58) as function of control parameter e
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Construction of solution for b variables
employing Floguet's theory
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bs(t) = gV (t) exp(In(o1)t/T) + q"*(t) exp(In(o2)t/T)

whereby

qbl() = ( c1(sin2'(27rt/T) +1) ) GV2(t) = ( ca(sinzg?rt/i”) +1) )
cosin(2mt/T) cysin(2nt/T)



Lyapunov exponents of periodic orbits (chaotic
regime) under use of ordinary parameter values

Figure 6.9: The Lyvapunov exponent Az for periodic orbits up to period n = 4 in dependence of the order

parameter €
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Construction of solution for b variables
e s~ employing Floguet's theory
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Figure 6.12: Construction of solution for Orbit 1000 while e = 2

bs(t) = q"*(t) exp(In(o1)t/T) + q"*(t) exp(In(og)t/T)

c1|sin(2mt /T) |32 + ¢o 12() = ca|sin(2nt /T)|3/2 + e
casin(2nt /T 4 N cg sin( 2wt /T
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Alternative approach to determine
the critical characteristic exponent

b (t
Structure of equations implies variable transformation: w(t) = ;8
1
Substitution leads to two new expressions: 51 = (—€ay + axw)by
W = —e(ag — ay)w — (az)w? 4+ ax
Formal solution and corresponding characteristic exponent read:
t
b1(t) = b1(0) exp (/ dr [—ea; + &m(ﬂur(ﬂ])
0.3 . . to
0.2+
0.1
" b1 (t) = b1 (0) exp (A(t) t)
-0.1
-0.2

A 5 6 | 7 A(t) = %/ﬁ dr [—ea; + ax(T)w(T)]

0

Figure 6.13: Characteristic exponent as function of order parameter e



Westfalische
Wilhelms-Univers
Miinster

itat

Explicit temporal evolution of
critical characteristic exponent
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Figure 6.14: Time series and function o(A)



p Stochastic treatment of transition
winelms nversi In terms of Langevin equation
dx; (T .

S0 b R() + Y0 KO0 , i=1m
where
Li(e) =0 ,  (Lu(O)T5(t)) = Qdyo(t —t) Vi, j
Corresponding Fokker-Planck equation reads:
op(x,t) [ "9 (1) {3‘3
ot ( ;axfi (x, 2”2_: c}:ric}:er (%,2) | p(x,2)
Interrelation between Numerical calculation according
both representations: to stochastic definition:
.1, \
DV (x,t) = hi(x, 1) DO (x,1) = lim ~(mi(t +7) — Tihu=

2 ;
D (x1) = QD 0u(x,9n(%,8) DB (1) = lim L ((ai(t + 7) — @) (w5 +7) - 23)huirm
k

i T—0 T
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Stochastic treatment of transition
In terms of Langevin equation

Allocation of bins, choosing suitable bin size
Computation of stationary drift and diffusion coefficients
Setup of stochastic process to model deterministic dynamics

Hyperbolic coordinates turn out to be more suitable for
stochastic description
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Eigenvectors and eigenvalues as

el characterization of diffusion coefficients D®
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Investigation of
. s €Tasond. s characteristic force F

F = b(t + At) — b(t) — AtDY

Examination of autocorrelation function of F as measure of “stochasticity”
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Investigation of

m-(x(tn@gmx( =t..n characteristic force F

What is an appropriate representation of the stochastic term ?
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Numerical results of the
stochastic Langevin model

Numerical integration of Langevin equation employing
Gaussian distributed white noise process

Phase space portrait fore =2.5and e =4.5
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Numerical results of the
stochastic Langevin model
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Probability density
estimates for both
hyperbolic variables
obtained from direct
numerical integration
of ABCDE equations
and stochastic
Langevin model



Nonequilibrium phase transition
In systems with chaotic dynamics
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Questions?
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