Bayesian Methods — A simple example: The coin—

Jörg Lemm Institut für Theoretische Physik Universität Münster

        Email: lemm@uni-muenster.de
Home Page: http://pauli.uni-muenster.de/∼lemm

Bayes’ Theorem

Reverend Thomas Bayes 1702-1761

“Essay Towards Solving a Problem in the Doctrine of Chances” (1763), published posthumously in the Philosophical Transactions of the Royal Society of London.

From the definition of a conditional probability p(A, B) = p(A)p(B|A) = p(B)p(A|B) follows for A = D (“data”) and B = h (“hypotheses”)

p(h|D) unknown = known p(D|h) p(h) p(D) (Bayes’ Theorem)

or, in words

Posterior =

Likelihood × Prior Evidence Prediction of new data (y, x) with p(y|x, D) = ∫ dh p(y|x, h) p(h|D) ≈_{MAP} p(y|x, h^∗)

A simple example:

A coin

h = p(H) probability to find “head” H (h represents the hypothesis) k denotes the number of “heads” found in n trials (k represents the data D).

Likelihood: p(D|h) = p(k|n, h) = (_n k ) h^k(1 − h)^{n−k}

Some possible priors:

uniform prior (every value of h in [0,1] is equally likely)

p(h) = Θ(1 − h)Θ(h)

“expert” prior (h near 0.5)

p(h) ≈^1√_{2πσ} e^− (h−0.5)2 2σ2 Θ(1 − h)Θ(h)

“Las Vegas” prior (h near 0.5 OR near 1) p(h) ≈ 1 2 √ 2πσ ( e^− (h−0.5)2 2σ2 + 2e^− (h−1)2 2σ2 ) Θ(1−h)Θ(h)

A simple example: Maximum A Posteriori Approximation

Choose as “best” estimate for h the maximum of p(h|D), i.e., the minimum of the “(posterior) energy” E(h|D) = − ln p(h|D). To find the MAP solution h^∗ solve 0 =^d_{dh}p(h|D) or 0 = −^d_{dh} ln p(h|D)

For binomial model − ln p(D|h) = −k ln h − (n − k) ln(1 − h) − ln (_n k ) For uniform prior 0 = d dh ln p(D|h) = k h − n − k 1 − h

⇒ h^∗ = k n That means the MAP solution for uniform prior is the observed relative frequency.

For Gaussian prior − ln p(h) =^{(h−h0)2}_{2σ2} +^1_2 ln(2πσ^2) 0 = d dh ln p(D|h) = k h − n − k 1 − h − h − h_0 σ^2

⇒ h^∗ =^k_n −^1_{nσ2} (h − h_0)h(1 − h) (nonlinear)

A simple example n = 1

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 1 k = 0

×

prior model likelihood model

p(h) = uniform p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example n = 2

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 2 k = 1

×

prior model likelihood model

p(h) = uniform p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example n = 3

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 3 k = 2

×

prior model likelihood model

p(h) = uniform p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example n = 4

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 4 k = 2

×

prior model likelihood model

p(h) = uniform p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example n = 5

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 5 k = 2

×

prior model likelihood model

p(h) = uniform p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example n = 10

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 10 k = 5

×

prior model likelihood model

p(h) = uniform p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example n = 100

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 100 k = 55

×

prior model likelihood model

p(h) = uniform p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example with “expert” prior n = 1

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 1 k = 1

×

prior model likelihood model

p(h) = Gaussian p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example with “expert” prior n = 10

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 10 k = 7

×

prior model likelihood model

p(h) = Gaussian p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example with “expert” prior n = 100

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 100 k = 77

×

prior model likelihood model

p(h) = Gaussian p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example:

A fair coin in Las Vegas?

n = 1

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 1 k = 1

×

prior model likelihood model

p(h) = Gaussian p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example:

A fair coin in Las Vegas?

n = 10

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 10 k = 7

×

prior model likelihood model

p(h) = Gaussian p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example:

A fair coin in Las Vegas?

n = 100

true value (unknown) sampling −→ observed data

ptrue

h = ptrue(H)

H T pemp pemp(H) = kn

H T n = 100 k = 77

×

prior model likelihood model

p(h) = Gaussian p(h)

h p(D|h)

p(k|h, n) = (n k ) hk(1 − h)n−k h

prior × likelihood

∝

p(h|D)

h pmap

H T ppred

H T ∝ posterior ⇒ MAP mean ofposterior

A simple example: Three posteriors

(Sampling n = 100 data points for true h = 0.8) uniform prior

p(h|D)

h n

“expert” prior

p(h|D)

h n

“Las Vegas” prior

p(h|D)

h n

A fair coin?

h = p(K) probability to find “head” k denotes the number of “heads” found in n = 10 trials (corresponds to data D).

Likelihood: p(D|h) = p(k|h) = (_n k ) h^k(1 − h)^{(n−k)}

× ∝

“extraterrestrian” prior

prior p(h) × likelihood p(D|h) ∝ posterior p(h|D)

(uniform) p(h)

h p(k|h)

h k (maximum at emp. frequency) p(h|k)

h k

× ∝

“expert” prior

p(h)

h p(k|h)

h k p(h|k)

h k

× ∝

“Las Vegas” prior

p(h)

h p(k|h)

h k p(h|k)

h k

A simple example: Bayesian error bars

Maximum a posteriori approximation (saddle point approximation, Laplace approximation): e^{−f(x)} ≈ e^{−f(x0)−} (x−x∗)2 2 d2 dx2 f|_{x=x}∗ = e^{−f(x0)}e^− (x−x∗)2 2σ2map

where σ_{map} gives the MAP error bars.

For binomial model with likelihood energy − ln p(D|h) = −k ln h − (n − k) ln(1 − h) − ln (_n k ) follows 0 = −^{d2}_{dh2} ln p(D|h) = ( −^k_{h2} +^{n−k}_{(1−h)2} ) , i.e., at h^∗, 0 = −^{n2}_k +^{n−k}_{(1− kn)2} =^n_{h∗(1−h∗)}

⇒ σ_{map} = √_{h∗(1−h∗)} n

MAP with error bars

p(h|D)

h

MAP vs. exact error bars

p(h|D)

h

A simple example: Frequentist error bars and P-values

Choose a null hypothesis, say h_0 = 0.5. Conditioned on h_0 the sampling distribution (or likelihood) is a binomial distribution p(k|n, h_0) = (_n k ) h^k(1 − h)^{n−k} with mean < k >= nh and variance < k− < k >>= nh(1 − h) p(k|n = 12, h = 0.5)

k The (one–sided) P-value P (k ≥ x) = ∑_n k=x p(x|n, h) gives the approximate relative frequency of getting the same or a more extreme result if you repeat the experiment very often and the null hypothesis is true p(k|n = 12, h = 0.5)

k n = 12 k = 9

P (k ≥ 9) = 0.073 = ∑n k=9 p(k|n, h) not significant at 5%

Bayesian vs. Frequentist statistics

joint probability p(D, h) = p(k, h|n = 12)

h0 = 0.5 (chosen) htrue = 0.7 (unknown)

h (hypothesis) k (data)

k = 9 (observed)

Frequentists condition on h_0 and work with p(D|h_0) p(k|h0)

k p(k|htrue)

k

Bayesians condition on data and work with the posterior p(h|D)

p(h|k)

h

Bayesian vs. Frequentist statistics (Gaussian prior centered at h = 0.5)

joint probability p(D, h) = p(k, h|n = 12)

h0 = 0.5 (chosen) htrue = 0.7 (unknown)

h (hypothesis) k (data)

k = 9 (observed)

Frequentists condition on h_0 and work with p(D|h_0) p(k|h0)

k p(k|htrue)

k

Bayesians condition on data and work with the posterior p(h|D) p(h|k)

h

Stopping rules n = 12 k = 9 h = 0.5

Stop at n = 12: Binomial distribution p(k|n, h) = (n k ) h^k(1 − h)^{n−k} p(k|n = 12, h = 0.5)

(0111) (1011) (1101) (1110) n! k!(n−k)!

k n = 12 k = 9

P (k ≥ 9) = 0.073 = ∑n k=9 p(k|n, h) not significant at 5%

Stop at n − k = 3: Negative Binomial distribution p(n|k, h) = ( n − 1 n − k − 1 ) h^k(1 − h)^{n−k} p(n|k = 9, h = 0.5)

(000) (1000) (0100) (0010) (11000) · · · (n−1)! (n−k−1)!k! n n = 12 k = 9

P (n ≥ 12) = 0.033 = ∑∞ n=12 p(n|k, h) significant at 5%

Stopping rules n = 12 k = 9 h = 0.5

Stop at n − k = 3: Negative Binomial distribution p(n|k, h) = ( n − 1 n − k − 1 ) h^k(1 − h)^{n−k} p(n|k = 9, h = 0.5)

(000) (1000) (0100) (0010) (11000) · · · (n−1)! (n−k−1)!k! n n = 12 k = 9

P (n ≥ 12) = 0.033 = ∑∞ n=12 p(n|k, h) significant at 5%

Stop at k = 9: Negative Binomial distribution p(n|k, h) = (n − 1 k − 1 ) h^k(1 − h)^{n−k} p(n|k = 9, h = 0.5)

(111) (0111) (1011) (1101) (00111) · · · (n−1)! (k−1)!(n−k)! n n = 12 k = 9

P (n < 12) = 0.033 P (n ≤ 12) = 0.073 = ∑12 n=9 p(n|k, h)

Stopping rules n = 12 k = 9 h = 0.7

Stop at n = 12: Binomial distribution p(k|n, h) = (n k ) h^k(1 − h)^{n−k} p(k|n = 12, h = 0.7)

(0111) (1011) (1101) (1110) n! k!(n−k)!

k n = 12 k = 9 P (k > 9) = 0.25 P (k ≥ 9) = 0.49 = ∑n k=9 p(k|n, h)

Stop at n − k = 3: Negative Binomial distribution p(n|k, h) = ( n − 1 n − k − 1 ) h^k(1 − h)^{n−k} p(n|k = 9, h = 0.7)

(000) (1000) (0100) (0010) (11000) · · · (n−1)! (n−k−1)!k! n n = 12 k = 9 P (n > 12) = 0.25 P (n ≥ 12) = 0.31 = ∑∞ n=12 p(n|k, h)

Stopping rules n = 12 k = 9 h = 0.7

Stop at n − k = 3: Negative Binomial distribution p(n|k, h) = ( n − 1 n − k − 1 ) h^k(1 − h)^{n−k} p(n|k = 9, h = 0.7)

(000) (1000) (0100) (0010) (11000) · · · (n−1)! (n−k−1)!k! n n = 12 k = 9 P (n > 12) = 0.25 P (n ≥ 12) = 0.31 = ∑∞ n=12 p(n|k, h)

Stop at k = 9: Negative Binomial distribution p(n|k, h) = (n − 1 k − 1 ) h^k(1 − h)^{n−k} p(n|k = 9, h = 0.7)

(111) (0111) (1011) (1101) (00111) · · · (n−1)! (k−1)!(n−k)! n n = 12 k = 9 P (n < 12) = 0.31 P (n ≤ 12) = 0.49 = ∑12 n=9 p(n|k, h)

Overfitting

Adding more degrees of freedoms to a learning model reduces the training error, e.g. E_T = ∑_n i=1(y_i − h(x_i))^2, but does not reduce necessarily the generalization error, like for instance E_G = ∫ dx dy p(x)p(y|x, h_{true}) (y − h(x))^2 which measures also the error for non–training data

generalization error

model complexity number of parameters length of training training error Crossvalidation–like techniques:

1. Use training set to train models with different complexity 2. Use (an independent) test set to select optimal model 3 Use (still another independent) validation set to guess the true expected generalization error