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Abstract
We outline some recent developments in the theoretical description of structure

formation in thin liquid films. The main focus lies on systems involving a single
layer of liquid on a solid substrate that can be described using an evolution equa-
tion for the film thickness profile. Reviewing the history of the subject we sketch
important experimental and theoretical results and practical applications. After
establishing the systematics of the present text we introduce the common mathe-
matical framework for studies of thin films of soft matter, namely by deriving the
generic evolution equation for such films from the Navier-Stokes equations. In the
main part we first introduce the different possible geometries and the transitions
between them, i.e. from homogeneous to inhomogeneous substrates, or from hori-
zontal to inclined substrates. We then present the physical questions posed by the
individual systems and discuss approaches and results for
• Dewetting on a horizontal homogeneous substrate. We investigate the solu-

tion structure and its consequences for the system behaviour. For the initial
film rupture we distinguish nucleation-dominated and instability-dominated
behaviour for linearly unstable thin films.

• Dewetting on a horizontal inhomogeneous substrate. The solution structure of
the governing equation is analysed in dependence of the strength of a chemical
heterogeneity. We describe a pinning-coarsening transition with a large range
of multistability, implying a large hysteresis and strong dependence on initial
conditions and noise.

• Heated thin films on a horizontal homogeneous substrate. We discuss nucle-
ation and drop solutions and show that it is possible to construct all drop
solutions separated by dry regions. Incorporating a disjoining pressure allows
to study the coarsening behaviour of the drop pattern.

• Sliding drops on an inclined homogeneous substrate. Using a model that
incorporates a disjoining pressure allows to calculate the usually used ad-hoc
parameters of models for moving contact lines from surface chemistry. The
involved transition from a Cahn-Hilliard-like to a Kuramoto-Sivashinsky-like
dynamics that occurs for increasing inclination angle is discussed in passing
for heated films.

• Transversal instabilities of a liquid ridge are discussed encompassing all the
above geometries. Particular interest lies on the stabilisation of such an in-
stability due to stripe-like heterogeneities for a resting ridge on a horizontal
substrate and on the drastic change in the mode type when inclining the sub-
strate. It changes from a symmetric varicose mode (horizontal substrate) via
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an asymmetric varicose mode via an asymmetric zigzag mode to decoupled
front and back modes.

Finally, we shortly discuss extensions of thin film studies beyond the case of a single
evolution equation. In particular, we introduce two different models based on two
coupled evolution equations describing the dynamics of dewetting of a two-layer thin
film and the chemically driven self-propelled movement of droplets, respectively.
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1 Introduction

1.1 History

For centuries thin liquid films have attracted the interest of scientists and layman alike
due to their fascinating behaviour and presence in everyday life. The most prominent
example are probably soap films whose beauty is appreciated by almost everyone. Their
properties were investigated by scientists like (Newton, 1730, Book II, Part 1, Obs. 17-19),
Thomson (1887) or Plateau (1873).

Beside these freely suspended films also thin liquid layers between two solid substrates
were studied very early. Films and drops between two parallel plates were used to
investigate capillary effects also already by (Newton, 1730, Book III, Part 1, Querie 31)
(following the experimentalist Hauksbee (1708, 1710)). However, our understanding is
rather based on the explanations given later by Young (1805) and Laplace (1806). The
physical principles of the use of thin films for lubrication purposes were analysed by
Reynolds (1886). He laid the foundation for their description as slow viscous flow in
lubrication approximation that was later built on by Sommerfeld (1904) and others.

Intermediate between the free films and the films between two solid supports one
encounters liquid films that are bounded on one side by a solid substrate but have a free
surface on the other side. This type of films will concern us here. They were mentioned
early in connection with liquid flow driven by surface tension gradients by Thomson
(1855) in his description of the phenomenon of the tears of wine, and also by Tomlinson
(1870) and Marangoni (1871) referring to experiments on the spreading of surface active
substances on thin films of water1. Free surface thin films are also the basis for studying
surface waves and localized structures at the surface of a thin viscous layer flowing down
an inclined plate. Starting with the experiments by the Kapitzas (Kapitza, 1949; Kapitza
and Kapitza, 1949) the system became paradigmatic for the study of this type of structure
formation (see the review by Chang (1994) and the beginning of Section 5.2).

Nowadays, thin liquid films on solid substrates are studied in a wide range of fields
and have numerous applications. The spectrum ranges from films of sub-micrometer
thickness (Ruckenstein and Jain, 1974; Kheshgi and Scriven, 1991) to studies of lava
flows (Huppert, 1982; Balmforth et al., 2004). This indicates that ’thin’ does not refer
to an absolute film thickness, but rather to the fact that the films are thin as compared
to typical length-scales parallel to the substrate. Representatives of medical interest are
the tear film in the eye (Lin and Brenner, 1982; Sharma and Ruckenstein, 1985) and
the aqueous lung lining (Gaver and Grotberg, 1990). Heat and mass transfer devices,
like falling film evaporators rely on the heat-transfer properties and stability of falling
thin liquid films (Bankoff, 1994). Thin films also gained increasing importance in coating
technology. Beside the use as protective and aesthetic coatings that favours stable ho-
mogeneous films also the capacity of the films to structure themselves in the nanometer
range renewed the interest in the dynamics of such films. The importance of structured
and non-structured coatings in many fields of modern technology led to a still growing se-
ries of studies of the structuring process of ultrathin films with thicknesses below 100 nm

1The history of the study of capillary phenomena (Hardy, 1922; Millington, 1945; Scriven and
Sternling, 1960) offers more examples involving thin films.
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Figure 1. Sketch of the four basic geometries involving a single liquid layer on a solid
substrate.

that are unstable due to effective molecular forces. These experiments on dewetting were
pioneered by Reiter (1992) using polymer films and are continued by a number of groups
(for a review see Thiele (2003a) and the chapter by Seemann et al. in the present book).
Thereby all phases of the process are of interest (Brochard-Wyart and Daillant, 1989;
Brochard-Wyart et al., 1992): the initial film rupture (Reiter, 1992; Seemann et al.,
2001a), the growth of individual holes in the film (Redon et al., 1991; Seemann et al.,
2001b), the evolution of the resulting hole pattern (Sharma and Reiter, 1996), and the
stability of the individual dewetting fronts (Brochard-Wyart and Redon, 1992; Reiter
and Sharma, 2001). The cursory overview of the literature given at this point is supple-
mented by more detailed synopses in the presentations of the specific physical situations
below.

1.2 Systematics

In Sections 1 and 2 we introduce the general subject of thin liquid films whereas
the following Sections are devoted to more detailed presentations of the specific models
used and the individual physical situations studied. We do not discuss every situation
individually, but group them according to their symmetry properties to emphasize that
these mainly determine the qualitative behaviour. Based on substrate properties and
acting forces one can distinguish four basic geometries as sketched in Fig. 1:

(a) A film on a horizontal homogeneous substrate is in a situation of maximal sym-
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metry. The situation is invariant with respect to translation along the substrate and
reflection at a plane orthogonal to the substrate2 . This type of films will be introduced
in Section 3 using the examples of dewetting on a smooth homogeneous substrate (Reiter,
1992) and of the pattern formation of a thin film on a homogeneously heated substrate
(VanHook et al., 1997).

There are three ways to break these symmetries to arrive at the less symmetric situ-
ations (b) to (d):

(b) The translational symmetry is broken for a film on a horizontal inhomogeneous
substrate as encountered for dewetting on a physically or chemically patterned substrate
(Rehse et al., 2001) or for a film on an inhomogeneously heated plate (Burelbach et al.,
1990; Tan et al., 1990). The heterogeneity especially influences processes where trans-
lational modes are involved as is the case in coarsening. This case is introduced in
Section 4.

(c) The reflection symmetry is broken if an additional force is acting parallel to the
substrate as for a flowing film or sliding droplet on an inclined homogeneous substrate
(Kapitza and Kapitza, 1949; Podgorski et al., 2001) where the driving force is gravita-
tion. Also a temperature or chemical gradient along the substrate leads to this situation
(Brochard, 1989). Here we will use the inclined case as example to discuss moving drops
and unstable fronts. It is introduced in Section 5.

(d) Both, the translational and reflection symmetry are broken on an inclined inho-
mogeneous substrate as encountered for films flowing on an inclined locally heated plate
(Kabov and Marchuk, 1998) or droplets pinned by heterogeneities on an incline (Quéré
et al., 1998).

All the situations covered by (a) to (d) can be described by a single partial differential
equation for the evolution of the film thickness profile. This allows to move freely between
the different geometries and to draw on results from the respective ’neighboring’ ones.
Excluding evaporation and condensation processes the governing equation is of the most
general type for the evolution of a single conserved order parameter field (Langer, 1992).
The basic formalism is introduced in Section 2, whereas Sections 3 to 5 are devoted to the
above introduced situations (a) to (c). Situation (d) will only be mentioned in passing
at the end of Section 5. Section 6 is devoted to the question of transversal contact line
instabilities that are important in all the situations (a) to (d).

Finally, in Section 7 we leave the framework of a single evolution equation by focusing
our interest on situations involving thin films where more degrees of freedom have to be
taken into account. In the simplest case, two order parameter fields instead of only one are
needed to model the dynamics. On general grounds one can distinguish two situations:
(i) The second field beside the film thickness profile represents also a conserved order
parameter like for a two-layer ultrathin film studied in Section 7.1 or (ii) the second field
corresponds to a non-conserved order parameter like for the chemically driven droplets
discussed in Section 7.2. In Section 8 we draw some conclusions, discuss open questions
and give an outlook.

2Note, that the symmetry does not refer to the thickness profile of the film itself because it
may evolve towards less symmetric states.
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1.3 Theoretical Approaches

A well established approach to determine the shape and stability of static fronts,
droplets and ridges on homogeneous or heterogeneous substrates is based on variations
of a suitable free energy functional (de Gennes, 1985; Sekimoto et al., 1987; Lenz and
Lipowsky, 1998; Bauer et al., 1999; Bauer and Dietrich, 2000; Brinkmann and Lipowsky,
2002). It has the advantage that it is not restricted to small equilibrium contact angles.
However, it is not suited to describe dynamic phenomena or ’dynamic aspects’ of the
static problem like, for instance, the most dangerous mode for the Rayleigh-like instability
of a liquid ridge on a horizontal substrate (cp. results of Sekimoto et al. (1987) and Thiele
and Knobloch (2003)).

The theoretical description of the dynamics of thin films with a free surface goes
back half a century. Beside modelling the full Navier-Stokes (Salamon et al., 1994;
Krishnamoorthy et al., 1995) or Stokes (Boos and Thess, 1999) equations with moving
boundaries one can derive a reduced model based on long-wave approximation (Oron
et al., 1997). The latter can be applied to all the structuring processes covered here,
because the films are thin as compared to the lateral extension of the evolving long-wave
structures. The occurrence of short-wave structures whose lateral extension is of the
order of the film thickness as convection cells in films heated from below – as described
by Bénard (1900) and Rayleigh (1916) – is avoided by choosing parameters properly. Also
the interaction of short-wave and long-wave structures is not subject of our presentation
(but see Golovin et al. (1994); VanHook et al. (1997)).

The long-wave approximation was used to derive dynamical equations for the evolu-
tion of the film thickness profile for falling films by Benney (1966), for free films by Vrij
(1966)3, for films on a heated horizontal substrate by Burelbach et al. (1988), for films
on heated slightly inclined plates by Oron and Rosenau (1992), and for ultrathin films
on a horizontal substrate by Ruckenstein and Jain (1974). In the latter case the films
may be unstable due to acting effective molecular interactions that are incorporated in
form of an additional pressure term into the governing equations. This so-called disjoin-
ing pressure was introduced by Derjaguin and coworkers in connection with work on the
forces acting between two solid plates separated by a thin film (Derjaguin et al., 1987;
Dzyaloshinskii et al., 1960). In the simplest case the disjoining pressure only results from
the apolar London–van der Waals dispersion forces (Ruckenstein and Jain, 1974), but
there may be additional polar short-range contributions (Sharma, 1993b). Mitlin (1993)
established the analogy between the surface instability observed for ultrathin films, called
spinodal dewetting, and spinodal decomposition studied by Cahn and Hilliard (1958)4.
Consequently, most results obtained for the decomposition of a binary mixture have a
counterpart in the evolution of thin films on horizontal substrates and vice versa. One
can generally say, that thin films on horizontal substrates follow a Cahn-Hilliard-like
dynamics.

Inclining the substrate strongly, inertia has to be taken into account leading in the
simplest case to the Benney equation (Benney, 1966). This equation was extended to

3Note, that there only the linear stage of the evolution is covered.
4However, already Vrij (1966) noted the formal equivalence of the equation for free films to the
equation of Cahn (1965) for concentration fluctuations in solutions.
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include the effect of a heated substrate by Joo et al. (1991). Such Benney-like equations
were used to perform linear stability analysis (Benjamin, 1957; Yih, 1963), weakly non-
linear analysis (Benney, 1966; Gjevik, 1970; Shkadov, 1967), fully non-linear analysis
(Joo et al., 1991), to study sideband instabilities (Lin, 1974) and solitary waves (Pumir
et al., 1983). The small amplitude limit of the falling film equations corresponds to the
Kuramoto-Sivashinsky equation (Kuramoto and Tsuzuki, 1976; Sivashinsky, 1977). Here,
we will discuss Benney-type equations only in passing, but will elucidate in Section 5.3
that already for slightly inclined plates, where no inertia is included in the description,
Kuramoto-Sivashinsky-type dynamics can be found.

2 The derivation of the film thickness evolution equation

2.1 General approach

A layer of liquid on a solid substrate with a free surface is called a thin film if its
thickness is small compared to all relevant length scales parallel to the substrate. This
refers to substrate properties like length scales of a heterogeneity as well as to typical
lateral extensions of the surface profile of the film itself. The latter implies that the slope
of the profile has to be small, but does not restrict the amplitude of its modulations. In
consequence, thin film does by no means refer to some absolute thickness measure but
has to be defined individually for each physical situation studied.

In principle, all situations pictured in Fig. 1 are governed by the Navier-Stokes equa-
tions with adequate boundary conditions at the substrate and the free surface, i.e. the
liquid-gas interface. Usually, at the liquid-gas interface the balance of the stress-tensors
is used assuming the gas to be passive. At the substrate usually the no-slip condition
is applied. However, also a variety of slip conditions like, for instance, the Navier slip
condition are used (Oron et al., 1997; Münch, 2005). For the thin film geometry the
velocities parallel to the substrate are large compared to the ones orthogonal to the sub-
strate. Continuity then implies that the gradients orthogonal to the substrate are large
compared to the ones parallel to the substrate. This allows to simplify the governing
equations using long-wave or lubrication approximation (Oron et al., 1997). A kinematic
boundary condition for the free surface asures that the material boundary moves with the
velocity of the liquid at the boundary. Putting all this together one derives a fourth order
nonlinear partial differential equation describing the time evolution of the film thickness
profile. For simplicity we restrict ourselves here to a physically two-dimensional situation
where the film thickness h(t, x) depends on the coordinate x only 5.

5Note, that in the literature there exist two different ways to count the dimensions. On the one
hand, one can derive the dimension from the physical situation, i.e. a drop on a plate represents
a three-dimensional situation and an orthogonal cut through a liquid ridge represents a two-
dimensional situation. This is what we use throughout the present work. On the other hand,
one can base the dimension count on the spatial dimensions the film thickness profile depends
on, i.e. drop and cut through a ridge are represented by two- and one-dimensional profiles,
respectively.
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2.2 Basic equations

The derivation of the thin film equation embarks from the transport equation for the
momentum density (Navier-Stokes equations)

%
d~v

dt
= ∇ · τ + ~f (2.1)

where ~v(x, z) and ~f (x, z) are the velocity and a body force field, respectively. We use

~v =

(
u
w

)
, ~f =

(
f1

f2

)
and ∇ =

(
∂x
∂z

)
.

In the following we will denote partial derivatives with respect to i either by ∂i or simply
by the subscript i. The body force may be potential, i.e. given by ~f = −∇φ. The stress
tensor writes

τ = −pI + η(∇~v + (∇~v)T ). (2.2)

where p(x, z) stands for the pressure field and I is the unity tensor. The material deriv-
ative is defined by

d

dt
=

∂

∂t
+ (~v · ∇). (2.3)

The transport equation for the energy writes

%cp
dT

dt
= kth∇2T +

η

2

[
∇~v + (∇~v)T

]2
(2.4)

where T (x, z) is the temperature field. The last term corresponds to the mechanical work
due to inner tensions (τ ·∇) ·~v. Due to its smallness it will be neglected in the following.
Finally, for an incompressible liquid one has the continuity equation

∇ · ~v = 0. (2.5)

The parameters ρ, η, cp, and kth are the density, dynamic viscosity, specific heat and
thermal conductivity of the liquid, respectively. The kinematic viscosity is ν = η/%
whereas the thermal diffusivity is κth = kth/%cp.

2.3 Boundary conditions

The transport equations are accompanied by boundary conditions at the smooth solid
substrate and the free surface. We assume for the velocity field at the substrate (z = 0)
the no-slip and the no-penetration condition

~v = 0. (2.6)

At the free surface [z = h(t, x)] one has the kinematic condition (surface follows flow
field)

w = ∂th+ u∂xh (2.7)

9

Manuscript —- contact: thiele@pks.mpg.de – http://www.uwethiele.de – 10th March 2006



UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  

and the force equilibrium

(τ − τair) · ~n = Kγ ~n + (∂sγ)~t (2.8)

where the surface derivative is defined by ∂s = ~t · ∇ and we assume that the ambient air
does not transmit any force (τ air = 0). The term pL = −γK = γ∇ · ~n/2 corresponds to
the Laplace or curvature pressure whereas ∂sγ results from the variation of the surface
tension along the surface (caused, for instance, by solutal or thermal Marangoni effects).
The latter is modelled in the simplest case by a linear dependence of the surface tension
on temperature; γ = γ0 + γT (T0 − T ), where γ0 is the surface tension at the reference
temperature T0 and γT = dγ/dT at γ0.

~n =
(−∂xh, 1)

(
1 + (∂xh)2

)1/2 , ~t =
(1, ∂xh)

(
1 + (∂xh)2

)1/2 , K =
∂xxh(

1 + (∂xh)2
)3/2

are the normal vector, tangent vector and curvature of the surface, respectively. The
boundary condition (2.8) is of vectorial character, i.e. one can derive two scalar conditions
by projecting it onto ~n and ~t, respectively.

~t : η [(uz + wx)(1− h2
x) + 2(wz − ux)hx] = ∂sγ(1 + h2

x) (2.9)

~n : p+
2η

1 + h2
x

[
−uxh2

x − wz + hx(uz + wx)
]

= − γhxx
(1 + h2

x)3/2
(2.10)

For the temperature field we will assume a constant temperature at the substrate and
Newton’s cooling law at the free surface, i.e.

T = T0 at z = 0

and κ~n · ∇T + αth(T − T∞) = 0 at z = h(x),

respectively. The temperature of the ambient gas is T∞ and αth is the heat transfer
coefficient.

2.4 Incorporation of interaction with the substrate

Interestingly, the above reviewed transport equations and boundary conditions of
classical hydrodynamics are not sufficient to account for all situations involving thin
films or drops. For a static droplet on a solid substrate (Fig. 2 (a)) in an isothermal
situation, we have ~v = 0 everywhere and Eq. (2.1) reduces to the static equation

−∇p+ ~f = 0 (2.11)

Assuming an isothermal situation and neglecting hydrostatic effects and other body
forces (~f = 0), the Laplace pressure (Eq. (th-hddf7)) determines the solution of (2.11) as
a spherical cap-like droplet (or a flat film); see Fig. 2. However, even for a fixed volume
the radius of the droplet is still a free parameter. One additionally needs a condition at
the three-phase contact line. Such a condition can be derived from the involved interface
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gas

solid

liquid
gas

θe
dx

lsγ γgs

γ
gl

solid

liquid

Figure 2. Sketch of a cap-like droplet and the geometry of a static three-phase contact
line, indicating gas-solid (γgs), gas-liquid (γgl), and liquid-solid (γls) interfacial tensions
and the equilibrium contact angle θe.

energies using the invariance of the total energy with respect to translation (de Gennes,
1985). It is the well known Young-Laplace law

γlg cosθe = γgs − γsl (2.12)

where θe is the equilibrium contact angle and the γij are the interfacial tensions (see
Fig.2 (b)).

The Young-Laplace law does well describe situations of so-called partial wetting where
0 < θe < π, i.e. where −1 < (γgs − γsl)/γlg < 1. Corresponding droplets are depicted
in Fig. 3 (b). To also cover the remaining cases it is practical to introduce the spreading
coefficient (de Gennes, 1985)

S = γgs − γlg − γsl, (2.13)

that measures the energy difference of a dry substrate and a substrate with a liquid film.
For partial wetting the combination with Eq. (2.12) yields

S = γlg (cos θe − 1) (2.14)

implying θe =
√
−2S/γ for small equilibrium contact angles, i.e. in long-wave approxi-

mation.

complete wetting

(a) (b) (c)

partially wettingnon−wetting

Figure 3. Sketches of the three qualitatively different wetting situations for a simple liq-
uid on a smooth solid substrate: (a) non-wetting, (b) partially wetting, and (c) complete
wetting.

The spreading coefficient also allows to quantify in a differentiated manner the non-
wetting situation (Fig. 3 (a)) where always θe = π but S is only restricted by S/γlg ≤ −2.
The same is valid for the situation of complete wetting (Fig. 3 (c)) where always θe = 0
(i.e. the liquid forms a film) but S is only restricted by S ≥ 0. In this way static situations
are well described.
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However, a contact line still causes serious problems in hydrodynamics, especially in
situations where it moves like for a droplet that slides down an incline. If the drop surface
truly touches the substrate at the contact line and one does not relax the classical no-slip
condition (Eq. (2.6)) then the viscous dissipation diverges at the contact line and it can
not move (de Gennes, 1985).

h = 0

sgsolid

liquid

gas
thickh gas

solid

?
film

γ   +  γlgsl
γ

Figure 4. Sketch of the transition from a ’bulk film’ to a dry substrate.

A second problem concerns ultrathin films of thicknesses below 100 nm. Normally,
the energy of an interface between two substances, i.e. the interface tension, is calculated
assuming both are bulk materials. This is still a very good approximation for a thick film
depicted in Fig.4 (a). There the overall interfacial energy is the sum of the solid-liquid
one (γsl) and the liquid-gas one (γlg ). Without film (Fig. 4 (b)) one only has the energy
of the solid-gas interface (γsg). However, the question arises how does one model the
transition from (a) to (b), i.e. what are the surface energies for situations where the film
can not be regarded as a bulk volume.

Derjaguin and coworkers found that for ultrathin films there is an additional energy
V (h) depending on the thickness of the film (Dzyaloshinskii et al., 1960; Israelachvili,
1992). The thickness dependence leads to an additional attractive or repulsive force be-
tween the two film interfaces. This force is normally included into the hydrodynamic
formalism as an additional pressure term Π = −dV/dh, the so-called disjoining or con-
joining pressure (de Gennes, 1985; Teletzke et al., 1988; Oron et al., 1997). Is it introduced
either in the normal force boundary condition supplementing the Laplace pressure

pL → pL −Π(h)

or as an additional body force in the Navier Stokes equation (see de Gennes (1985)):

~fadd = −∇φadd with φadd = Π(z) −Π(h)

Both ways lead to the same result. Here we follow the first one.
The disjoining pressure can be calculated for specific intermolecular interactions. As-

suming a long-range apolar van der Waals interaction one finds

ΠvdW (h) =
2Sad

2
0

h3
(2.15)

where Sa is the apolar contribution to the spreading coefficient. The length d0 is often
introduced as a molecular cut-off the so-called Born repulsion length dBorn = 0.158 nm
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(Sharma, 1993b,a). A = −12πSad
2
Born is the Hamaker constant that can be calculated

from the optical indices of the involved materials (Israelachvili, 1992). For a short-range
polar interaction (like, for instance, arising from the interaction of the electric double
layers in a thin film of an electrolyte) one finds (Israelachvili, 1992; Probstein, 1994)

Πp(h) =
Sp
l
e(d0−h)/l (2.16)

where Sp is the polar contribution to the spreading coefficient and l is the correlation
length of the polar interaction. One example of a commonly used expression for the
disjoining pressure is the combination of the above long-range and short-range parts
which writes in dimensionless form (Sharma, 1993b; Thiele et al., 2001a).

Π(h) =
b

h3
− e−h (2.17)

where we introduced the ratio of apolar and polar interaction b = 2Sad
2
0/|Sp|l2ed0/l and

assumed Sa > 0 and Sp < 0 (h is in units of l). Fig. 5 gives its dependence on film
thickness for different values of b.

2 4 6 8

h
-0.02

-0.01

0

0.01

0.02

Π
(h

)

1.0
1.3
1.5
1.7

b

Figure 5. The disjoining pressure given by Eq. (2.17) for different values of the ratio of
apolar and polar interactions b.

The choice of constants in Eqs. (2.15) and (2.16) asures that the total surface energy
for a thin film γls+γgl +V (h) [where V (h) = −

∫
Π(h)dh] correctly interpolates between

the thick film and the dry substrate, i.e. between the two situations depicted in Fig. 4.
For thick films h→∞ and V (h)→ 0, the energy is γls + γgl as expected. At the cut-off
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precursor
liquid

solid

gasregion
contact

Figure 6. Sketch of a three-phase contact line with a precursor film on the ’dry’ sub-
strate.

height h = d0 one has V (d0) = Sa+Sp = S, i.e. taking into account Eq. (2.13) the surface

energy is just γgs. Using Eq. (2.14) small contact angles are given by θe =
√
−2V (d0)/γ.

If the part of the interaction with the shortest range is stabilizing, a very thin precursor
film of thickness hp can be found on the macroscopically ’dry’ parts of the substrate. The
precursor film allows the contact line to move (see sketch in Fig. 6). However, the three-
phase contact line has now to be seen as a contact region. Note, that with the disjoining
pressure the precursor thickness is not an ad-hoc parameter but already a result of the
model. If there exists no further equilibrium thickness beside hp it is given by Π(hp) = 0.
Otherwise it can be obtained via a Maxwell construction (Mitlin, 1993; Thiele et al.,
2001b).

As we will see later in section 3.1 in the former case the equilibrium contact angle
can be identified with

√
−2V (hp)/γlg . Consistency with the above expression implies

d0 = hp. Then θe corresponds to the contact angle for the ’moist’ case of de Gennes
(1985). Keeping d0 = dBorn < hp, however, leads to the introduction of two different
equilibrium contact angles; one for a truly dry substrate and one for the moist one
(compare de Gennes (1985)).

Note finally, that for the disjoining pressure used here [Eqs. (2.15) and (2.16)] the
choice Sa > 0 and Sp < 0 one usually describes verbally as a combination of a stabilizing
long-range van der Waals and a destabilizing short-range polar interaction. However,
this does not rflect the complete picture due to a subtle feature of the combination of
exponential and power law. Combining a term ∼ 1/h3 and one ∼ exp(−h) leads for a
proper choice of parameters to a dominance of 1/h3 for large and very small h. The
exponential term only dominates for intermediate thicknesses. This implies that the
verbal description only covers part of the feature of the disjoining pressure and should
be used with caution.

2.5 Dimensionless groups (numbers)

General In the next step we introduce suitable scales for space, time, pressure, ve-
locity and temperature and write the governing equations and boundary condition in a
dimensionless form. To find a suitable scaling is by no means a ’mechanical’ task. To
scale in an advantageous way corresponds to the determination of a ’good’ minimal set
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of parameters. At first one introduces a general rather abstract set of scales as follows

dimensionless Scale dimensional
t′ t0 = l/U0 t = t0t

′

x′, z′ l x = lx′, z = lz′

~v′ U0 ~v = U0~v
′

p′ P0 = %U 2
0 p = P0p

′

T ′ ∆T = T0 − T∞ T = ∆TT ′ + T∞

(2.18)

The length l may be the mean film thickness, the precursor film thickness or another
relevant vertical length scale. Introducing these scales, for instance, in the x-component
of the momentum transport equations (2.1) and assuming ~f = %~g = %g (sinα, cosα) one
obtains for a film on a incline

%
U2

0

l
(u′t′ + u′u′x + w′u′z′) = −%U

2
0

l
p′x′ + η

U0

l2
(u′x′x′ + u′z′z′) + %g sinα (2.19)

where α is the inclination angle. For simplicity we drop the dashes and introduce the
dimensionless numbers

Reynolds number Re =
U0l%

η

Froude number Fr =
U2

0

lg
(2.20)

and get (now using both components of Eq. (2.1))

ut + uux + wuz = −px +
1

Re
(uxx + uzz) +

sinα

Fr

wt + uwx + wwz = −pz +
1

Re
(wxx + wzz) −

cosα

Fr

(2.21)

The Reynolds number corresponds to the ratio of the selected velocity scale and the
viscous one, whereas the Froude number corresponds to the squared ratio of the selected
velocity scale to the gravitativ one. The general scaling says nothing about the ’driving
force’ or the interesting time scale. The scaling becomes specific if the used length l and
velocity U0 are identified. Note, that all scales in (2.20) are derived from the identical
l and U0. In general this is not required. For a film flowing on an incline we illustrate
this point by presenting three scalings based on different choices for the velocity scale
U0. They lead to specific expressions for the dimensionless numbers. These are, first, the
viscose scaling

U0 =
η

%l
,

1

Re
→ 1,

1

Fr
→ gl3%2

η2
=: G (2.22)

where G is the Galilei or Gravitation number; second, the falling film scaling

U0 =
%gl2 sinα

η
,

1

Re
→ 1

G sinα
,

1

Fr
→ 1

G sinα
; (2.23)
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and third, the surface tension scaling

U0 =
γ

η
,

1

Re
→ η2

%lγ
=

1

S
,

1

Fr
→ lgη2 sinα

γ2
=

G sinα

S2
(2.24)

where S is the dimensionless surface tension. Inspecting (2.22) to (2.24) shows that the
resulting sets of dimensionless numbers differ, and that different limits can be accessed
with the different scalings. In the following we will always use the viscose scaling, i.e. we
have as momentum equations

ut + uux + wuz = −px + uxx + uzz + G sinα (2.25)

wt + uwx + wwz = −pz + wxx + wzz − G cosα. (2.26)

For the temperature field we obtain the dimensionless equation

U0%cp∆T

l
(Tt + uTx + wTz) =

κ∆T

l2
(Txx + Tzz)

and after introducing the Péclet number

Pe =
U0l%cp
kth

one gets
Pe (Tt + uTx + wTz) = Txx + Tzz. (2.27)

Using again the viscous velocity scale the Péclet number becomes the Prantdl number
Pr= ηcp/kth = ν/κth. Beside the governing equations one also has to derive nondimen-
sional boundary conditions from eqs. (2.6) to (2.3). Many variants exist in the literature.
Here we consequently use viscous scales. Assuming furthermore a linear dependence of
surface tension on temperature γ = γ0 − γT (T − T∞) where γ0 = γ(T0) we find for the
tangential stress condition

(uz + wx)(1− h2
x) + 2(wz − ux)hx = −Ma (Tx + hxTz)(1 + h2

x)1/2 (2.28)

where Ma = l%γT∆T/η2 is the Marangoni number [as in Oron et al. (1997), not as in
Joo et al. (1991)]. The normal stress condition is

p+
2

1 + h2
x

[−uxh2
x − wz + hx(uz + wx)] = −S hxx

(1 + h2
x)3/2

− Π (2.29)

where S = 1/Ca = γ0l%/η
2 is the dimensionless surface tension (Joo et al., 1991) and

Ca is the Capillary number (Oron et al., 1997). Note, that the use of γ0 in the Laplace
pressure term is only valid for γ0 � γT∆T . The free surface boundary condition for the
temperature field writes

(Tz − hxTx)(1 + h2
x)−1/2 + BiT = 0 (2.30)

where Bi = lαth/κ is the Biot number. The scaling of the remaining boundary conditions
is trivial.
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2.6 Long-wave scaling

The next step is crucial for the derivation of a simplification of the Navier-Stokes
equation for the thin film geometry. It makes use of the observation that all length scales
parallel to the substrate L like, for instance, periods of surface waves or drop length, are
large as compared to the film thickness l, i.e.

l� L → ε = l/L

where we have introduced the smallness parameter ε. This allows to replace the scale l
in (2.18) by two different scales for the x and the z coordinate, i.e.

x = Lx′ =
l

ε
x′, z = lz′

In consequence of continuity also the velocity components are scaled differently using

u = U0u
′, w = εU0w

′

In view of the kinematic boundary condition one also has to scale time as

t =
L

U0
=

l

εU0
t′.

Rescaling Eqs. (2.25)-(2.30) yields the transport and continuity equations

ε(ut + uux + wuz) = −εpx + ε2uxx + uzz + G sinα

ε2(wt + uwx + wwz) = −pz + ε3wxx + εwzz − G cosα

εPe(Tt + uTx + wTz) = ε2Txx + Tzz

ux + wz = 0

(2.31)

and the boundary conditions at z = h(x)

(uz + ε2wx)(1 − ε2h2
x) + 2ε2(wz − ux)hx = −Ma ε(Tx + hxTz)(1 + ε2h2

x)1/2

p+
2

1 + ε2h2
x

[−ε3uxh2
x − εwz + εhx(uz + ε2wx)] = − 1

Ca

ε2hxx
(1 + ε2h2

x)3/2

(Tz − ε2hxTx)(1 + ε2h2
x)−1/2 + BiT = 0

w = ht + uhx
(2.32)

The length scales l and L are still not specified. The mean film thickness and some wave
period may be used but other candidates may also be suitable. The detailed scaling
depends on the problem studied. However, it has always to be checked that the scales
fulfill l � L.
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2.7 Small inclination or horizontal substrate

All fields could now be written as series in ε to be able to solve Eqs. (2.31) to (2.32)
order by order. Such a proceedure leads in O(ε) to the Benney equation (Benney, 1966;
Joo et al., 1991). It has, however, the disadvantage to explicitely contain the smallness
parameter ε, i.e. it consists of terms of different order. An alternative approach studies a
situation where all physically interesting effects enter the lowest order equations. Math-
ematically this is achieved by rescaling the fields and dimensionsless numbers as follows
(Oron and Rosenau, 1992).

For a small inclination (α � 1) one introduces a new O(1) variable α′ = α/ε ≈
sin(α)/ε. This implies sinα → εα′ and cosα→ 1−O(ε2). Furthermore one chooses
Ca′ = Ca/ε2 and accounts for the fact that for small inclinations all velocities are small,

i.e. a new ~v′ = ~v/ε is introduced. After dropping the dashes this leads in lowest order in
ε to the transport equations

uzz = px − Gα, (2.33)

pz = −G, (2.34)

Tzz = 0; (2.35)

the continuity equation ux + wz = 0 and the boundary conditions at z = 0

u = w = 0, (2.36)

T = 1; (2.37)

and at z = h(x)

w = ∂th+ u∂xh, (2.38)

uz = −Ma (Tx + hxTz), (2.39)

p = −hxx
Ca
− Π(h), (2.40)

Tz = −Bi T ; (2.41)

respectively. The resulting system can be readily solved. One obtains the fields

p(x, z) = G(h− z) −Π(h) − hxx
Ca

, (2.42)

T (x, z) = 1 − Bi

(1 + Bih)
z, (2.43)

and u(x, z) =

(
z2

2
− zh

)
(px − Gα) +

MaBihx
(1 + Bih)2

z. (2.44)

The kinematic boundary condition and continuity give

∂th = −∂xΓ (2.45)

where Γ =
∫ h

0
udz is the flow in the laboratory frame.
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2.8 The film thickness evolution equation

Finally, using Eqs. (2.44) and (2.42) in Eq. (2.45) gives the evolution equation for the
thickness profile of a film on a slightly inclined substrate

∂th = −∂x
{
h3

3

[
∂x

(
hxx
Ca
− Gh−Π(h)

)
+

3

2h

Ma Bihx
(1 + Bih)2

+ Gα.

]}
(2.46)

By a further rescaling we eliminate Ca and write in a more general form

∂t h = −∂x {Q(h) ∂x [∂xxh− ∂hf(h)] + χ(h)} (2.47)

where Q(h) is a mobility factor and χ(h) stands for a generalized driving parallel to the
substrate. The use of slip boundary conditions at the substrate leads to different Q and
χ but has no effect on the equation otherwise (Oron et al., 1997). The term in square
brackets represents the negative of a pressure consisting of the Laplace term ∂xxh and
an additional contribution −∂hf(h) written as the derivative of a local free energy. The
latter has to be specified for the respective studied problem. For the system presented
here we have

∂hf(h) = −Π − Gh− 3

2
Ma Bi

∫
dh

h(1 + Bih)2
.

For inhomogeneous systems f(h) may depend also on position. Eq. (2.47) can be written
in a variational form

∂t h = ∂x

{
Q(h) ∂x

δF [h]

δh

}
− ∂x χ(h) (2.48)

with δ/δh denoting functional variation with respect to h and the free energy functional

F [h] =

∫ [
1

2
(∂xh)2 + f(h)

]
dx. (2.49)

Without lateral driving, i.e. for χ = 0, Eq. (2.48) corresponds to the simplest possi-
ble equation for the dynamics of a conserved order parameter field (Langer, 1992). In
this case the system is variational (or relaxational) and F (h) can be used as Lyapunov
functional because it fulfills dF/dt ≤ 0 (Langer, 1992; Mitlin, 1993; Oron and Rosenau,
1992). A prominent representative of this class of systems is the Cahn-Hilliard equation
describing the evolution of a concentration field for a binary mixture (Cahn, 1965).

For χ 6= 0, Eq. (2.48) does not represent a variational system any more, the dynamics
is non-relaxational, i.e. F [h] does not necessarily decrease in time. Representatives are,
for example, the driven (or convective) Cahn-Hilliard equation (Golovin et al., 2001), the
Kuramoto-Sivashinsky equation (Kevrekidis et al., 1990; Kuramoto and Tsuzuki, 1976;
Sivashinsky, 1977), and also the Benney equation and their variants (Benney, 1966;
Gjevik, 1970; Joo et al., 1991; Lin, 1974; Pumir et al., 1983; Scheid et al., 2005).

2.9 The additional pressure term

Equations like (2.47) can be used to study a wide variety of systems (Oron et al., 1997).
Here we focus on two physical situations (i) ultrathin films below 100 nm thickness on
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partially wettable substrates that undergo dewetting (Bischof et al., 1996; Brochard-
Wyart and Daillant, 1989; de Gennes, 1985; Reiter, 1992; Thiele et al., 1998) and thin
films below about 100µm thickness heated from below. They may be unstable due to a
long-wave Marangoni instability (Burelbach et al., 1988; Oron, 2000; Oron and Rosenau,
1992; VanHook et al., 1995, 1997). In the former case the additional pressure −∂hf(h)
in Eq. (2.47) corresponds to the disjoining pressure Π(h) introduced above in Section 2.4
[f(h) corresponds to V (h)]. Two forms of the pressure used here are

∂hf(h) = 2κ e−h
(
1− e−h

)
+ Gh (2.50)

and ∂hf(h) = ±(− b

h3
+ e−h). (2.51)

The first term of the form (2.50) was derived by Pismen and Pomeau (2000) combining
the long wave approximation for thin films (Oron et al., 1997) with a diffuse interface
model for the liquid-gas interface (Anderson et al., 1998). Also density variations close
to the solid substrate enter their calculation in a natural way. The second term accounts
for the hydrostatic pressure. Eq. (2.50) has the advantage of remaining finite even for
vanishing film thickness. The parameter G is normally very small, however, it is possible
to study the qualitative system behaviour using a small but not very small G.

Eq. (2.51) combines a long-range apolar van der Waals interaction and a short-range
polar (electrostatic or entropic) interaction (Sharma, 1993a,b) as discussed above in
Section 2.4. If the positive sign is used both disjoining pressures lead to qualitatively
very similar results (Thiele et al., 2002b).

There exist various other forms of disjoining pressures used in the literature. Most
results are valid in a similar form if the pressure in question describes a partially wetting
situation and allows for a stable precursor film. Nondimensionalized examples for com-
binations of power laws are, for instance, ∂hf(h) = 1/h3 − b1/h6 derived from a diffuse
interface theory with nonlocal interactions (Pismen, 2001; Pismen and Pomeau, 2004;
Pismen and Thiele, 2006) and ∂hf(h) = 1/h3 − b1/(h + dco)

3 − b2/h9 describing a film
on a substrate with a coating of thickness dco (Sharma and Reiter, 1996; Seemann et al.,
2005). The bi are dimensionless constants.

For the heated film the additional pressure ∂hf(h) results from the tangential stress
condition at the free surface (Oron and Rosenau, 1992). It is given by

∂hf(h) = Gh − 3

2
Bi Ma

[
log

(
h

1 + Bih

)
+

1

1 + Bih

]
. (2.52)

Beside these basic situations also combinations of the different pressure terms can be
used. For example, supplementing Eq. (2.52) with a stabilising apolar interaction allows
to study the long-time coarsening of a heated thin film (Bestehorn et al., 2003). To
account for a chemically inhomogeneous substrate one can use a disjoining pressure that
varies in space (Konnur et al., 2000; Thiele et al., 2003) For an inhomogeneous heating
one modulates the Marangoni number in Eq. (2.52) (Scheid et al., 2002; Skotheim et al.,
2003).
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2.10 Analysis techniques

The analysis of the thin film equation (2.47) in the four different geometries rests on
three columns: (1) analytical determination of fixed points, i.e. flat film solutions, and
of their stability properties; (2) calculation of stationary solutions6, their bifurcations
and linear stability using continuation techniques; and (3) numerical integration in time.
The majority of the presented results is based on continuation techniques (Doedel et al.,
1991a,b, 1997).

With continuation techniques one can obtain solutions of a problem for a certain set
of control parameters by iterative techniques from known solutions nearby in parameter
space. Specifically, the film thickness equation written as a dynamical system, i.e. as a
system of ordinary differential equations

u′(x) = f(u(x), p) with f, u inRn (2.53)

where the dash indicates derivation with respect to x and p denotes the set of control
parameters. Eq. (2.53) subject to boundary and integral conditions is discretized in space.
The resulting algebraic system is solved iterativly. The package AUTO (Doedel et al.,
1997) uses the method of Orthogonal Collocation for discretizing solutions, where the
solution is approximated by piecewise polynomials with 2–7 collocation points per mesh
interval. The mesh is adaptive as to equidistribute the discretization error. Starting from
known solutions AUTO then tries to find nearby solutions to the discretized system, by
using a combination of Newton and Chord iterative methods. Once the solution has
converged AUTO proceeds along the solution branch by a small step in the parameter
space defined by the free continuation parameters and restarts the iteration.

Boundary conditions and/or integral conditions require additional free parameters
which are determined simultaneously and are part of the solution to the differential equa-
tion. The package AUTO is limited to the continuation of ordinary differential equations
(ODE’s), thus it can only be used to compute droplet solutions in two dimensions. As
an example we consider the continuation of stationary surface waves or sliding drops
steady in a comoving frame. After transforming Eq. (2.47) into the comoving frame with
velocity v and integrating the resulting time-independent thin-film equation we have the
system of ODE’s

u′1 = u2 (2.54)

u′2 = u3

u′3 = −χ(u1) + vu1 − C0

Q(u1)
+ ∂u1f(u1)

where C0 is an integration constant (see section 5). u1, u2 and u3 denote h, ∂xh and ∂xxh,
respectively. The volume is conserved, thus we need to specify the integral condition

0 =
1

L

∫
u1 dx− h̄ (2.55)

6We call stationary solutions, solutions that are steady in some co-moving frame of reference.
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where L is the system length and h̄ is the mean film thickness. We also use periodic
boundary conditions

u1(0) = u1(L) (2.56)

u2(0) = u2(L) (2.57)

u3(0) = u3(L). (2.58)

Translation of a solution along the substrate yields another valid solution. However, con-
tinuation along the ’trivial’ families of solutions related through continuous symmetries
of the system is not wanted. It is effectively forbidden by a pinning condition in the
form of an additional boundary or integral condition. The number of boundary (NBCD)
and integral conditions (NINT) determines the number of parameters (NPAR), that are
varied during the continuation process. Specifically NPAR=NBCD+NINT-NDIM+1,
where NDIM is the dimensionality of (2.53), i.e. here NDIM= 3 The resulting three free
parameters are called continuation parameters and may, for instance, be the system size
L, the integration constantC0 and the velocity v.

The challenge is often to provide a starting solution for the continuation. For sur-
face waves or sliding drops one can use analytically known surface waves obtained by a
linear perturbation of the flat film. In other cases the initial solution is given numeri-
cally. Finally note, that continuation is not only used to determine families of stationary
solutions (Thiele et al., 2001c,b), but also to follow their stability behaviour (Thiele
and Knobloch, 2003) and bifurcations, like saddle-node bifurcations or branching points
(Thiele and Knobloch, 2004; Scheid et al., 2005). This can be used to phase diagrams
mapping the existence and stability of various solution types (John et al., 2005).

In general, details of the used techniques differ between the geometries. These are
introduced were needed in the course of the following sections, that analyse specific
physical situations corresponding to the different geometries shown in Fig. 1. However,
many practically relevant thin film systems can not be modelled by a single evolution
equation of the type of Eq. (2.47). Therefore, in Section 7 we extend the theory towards
situations where two order parameter fields have to be taken into account.

3 Horizontal homogeneous substrate

3.1 General analysis

For the horizontal homogeneous substrate there exists no lateral driving force, i.e.
χ(h) = 0. Eq. (2.47) becomes

∂t h = −∂x {Q(h) ∂x [∂xxh− ∂hf(h)]} (3.1)

Steady solutions To study steady solutions we set ∂th = 0 and integrate Eq. (3.1) to
get

0 = ∂xxxh − ∂hhf(h) ∂xh−
C0

Q(h)
. (3.2)

We look for periodic arrays of drops or holes, localized drops or holes, and flat film
solutions. The reflection symmetry (x→−x) with respect to the extrema of the solutions
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or the flat film at infinity, respectively, implies C0 = 0. Another way to see this is to
interprete C0 as the mean flow. Without an additional driving force no mean flow occurs,
i.e. C0 = 0.

A second integration yields

0 = ∂xxh(x) − ∂hf(h) + C1. (3.3)

The constant C1 accounts for external conditions like chemical potential, vapor pressure
or mass conservation. For the latter case that we will focus on here, C1 takes the role
of a Lagrange multiplier. The choice C1 = ∂hf(h0) ensures the flat film h(x) = h0

to be a solution. Note that Eq. (3.3) also follows directly from the minimization of
the energy functional (2.49) when asuring mass conservation. Later we will compute
periodic solutions of Eq. (3.3) and parametrize them by their mean film thickness, h̄ =

(1/L)
∫ L

0
h(x)dx, and period, L.

In a two-dimensional situation Eq. (3.3) is equivalent to the equation of motion for a
particle in a potential V (h) = −f(h) + C1 h. For radial-symmetric solutions in a three-
dimensional situation it is equivalent to such an equation of motion including a time-
dependent friction term (see Deissler and Oron (1992); Thiele et al. (2002b); Bestehorn
et al. (2003)).

Beside the chosen h0 other flat film solutions or fixed points of Eq. (3.3) h(x) = hf
may exist. They are given by

∂hf(hf ) = ∂hf(h0). (3.4)

For the disjoining pressure shown in Fig.5 [Eq. (2.17)] one finds one or three fixed points
depending on the value of b and h0. The bifurcation points between the two regimes are
given by ∂hhf(h0) = 0 and Eq. (3.4). Linearizing Eq. (3.3) at the fixed points one finds
that for ∂hhf(hf ) > 0(< 0) they are saddles (centers). This corresponds to the results
of the linear stability analysis for flat films shown next.

In order to determine thickness profiles that are solutions of Eq. (3.3) we multiply by
hx, integrate, and obtain

∂xh =
√

2
√
f(h) − C1 h − C2. (3.5)

where C2 is a constant discussed below.

Linear stability of flat films To assess the linear stability of the flat films h(x) = h0

we use a Fourier mode decomposition h(x) = h0 + ε exp(βt+ ikx) where β and k provide
the growth rate and the wave number of the disturbances. Linearizing the full time
dependent Equation (3.1) in ε� 1 yields the dispersion relation

β = −Q(h0) k2
[
k2 + ∂hhf(h0)

]
. (3.6)

The possible outcomes are sketched in Fig. 7. The flat film is unstable for β > 0, i.e.
there exists some range of unstable wavenumbers 0 < k < kc for

∂hhf(h0) < 0. (3.7)
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Figure 7. Dispersion relations for a flat film on a horizontal homogeneous substrate.
Sketched are the unstable (solid line), marginally stable (dashed line) and linearly stable
case (dotted line).

The instability has its onset at ∂hhf = 0 with kc = 0. This is also called the marginally
or neutrally stable case. Because of the onset at zero wavenumber it is called a long-wave
instability. It corresponds to an instability of type IIs in the classification of Cross and
Hohenberg (1993) (see their section IV.A.1.b) The critical wave number is

kc =
√
−∂hhf(h0) (3.8)

and the corresponding wavelength is λc = 2π/kc. The thickness profile h(x) = h0 +
ε exp(ikcx) is neutrally (or marginally) stable (β = 0) and represents a small amplitude
periodic steady solution of Eq. (3.1).

For a linearly unstable film the fastest growing mode has the wavelength λm =
√

2λc
and the growth rate

βm =
1

4
Q(h0) [∂hhf(h0)]2. (3.9)

Nonlinear Stability A linearly stable flat film may not be absolutely stable. It can
be unstable to finite amplitude disturbances corresponding to a metastable flat film.
This may indicate the occurance of a sub-critical instability. Only if, for a given mean
film thickness there is no thickness profile with smaller energy the flat film is absolutely
stable. To further clarify this issue we assume an infinitely long film of thickness h0.
Only a small part of finite length s has a different thickness h to ensure that the mean
film thickness remains h0. The width of the finite transition region between the two
thicknesses is small compared to s, so its energy can be neglected. Now we can calculate
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Figure 8. The local energy g(h) = f(h) − C1(h0)h. As an example the dependence is
shown for the disjoining pressure (2.50) (see Thiele et al. (2001c)). An equivalent plot
for the disjoining pressure (2.51) can be found in Thiele et al. (2001a).

the energy per unit length of the changed part

g(h) = f(h) − C1(h0)h. (3.10)

The function g(h) is plotted in Fig. 8 for different values of h0. The two minima represent
a lower and an upper linearly stable film thickness. However, only the deeper minimum
corresponds to an absolutely stable state, whereas the other one is metastable. The
maximum represents a linearly unstable film thickness. There exist an upper and a lower
limit of the metastable thickness range, denoted by hum and hdm, respectively. They are
characterized by minima of equal depth in Fig. 8 and identical C1(hm), i.e. by

∂hf |hum = ∂hf |hdm
g(hum) = g(hdm). (3.11)

Note, that Eqs. (3.11) are equivalent to a Maxwell construction (see also Mitlin (1993);
Samid-Merzel et al. (1998); Mitlin (2000)).

Using the results for the onset of the linear instability of the flat film Eq. (3.7) and
Eqs. (3.11) for its absolute stability one can calculate the stability diagram. An example
is given below in Fig. 12. These diagrams are valid for two- and three-dimensional film
geometries.

Equilibrium contact angle If Eq. (3.11) yields two equilibrium thicknesses, i.e. bin-
odal thicknesses, one can not define a mesoscopic equilibrium contact angle in an asymp-

25

Manuscript —- contact: thiele@pks.mpg.de – http://www.uwethiele.de – 10th March 2006



UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  

totic sense (Pismen and Thiele, 2006) because no solution profile continues towards an
infinite height. However one can still define equilibrium contact angles as the slope at
the inflection point of the profile. This situation is always encountered for the disjoining
pressure derived from diffuse interface theory when including gravity [Eq. (2.50)] and for
b > 8/e2 also for the apolar/polar combination Eq. (2.51).

A simpler result is obtained if only one finite equilibrium film thickness exists (the
second one is infinite) as for the disjoining pressure (2.51) for b < 8/e2 and always for
(2.50) without gravitation. Then a droplet of infinit height coexists with a precursor
film of thickness hp given by ∂hf(hp) = 0. One also finds C1 = 0 and C2 = f(hp)
[see Eqs. (3.3) and (3.5)]. Going back to physical (dimensional) scaling the asymptotic
equilibrium contact angle given as hx for h→∞ results as θe =

√
−2f(hp)/γ.

Periodic solutions In order to study the various non-constant thickness profiles, i.e.
periodic (assemblies of drops or holes), homoclinic (single drops or holes) and heteroclinic
(fronts) solutions of Eq. (3.5) we choose for the integration constant

C2 = f(hm) − (∂hf(h0))hm (3.12)

where hm is the maximal or minimal thickness for periodic solutions. For localized
solutions is hm = h0 = h∞. Hence, all solutions are parameterized by the pair (h0, hm)
or (C1, C2). Eq. (3.5) allows to plot the solutions in the phase plane (h, hx) [see Mitlin
(1993); Thiele et al. (2001c)]. Three qualitatively different phase portraits (each for
fixed C1) can be observed (see Fig.9). They represent drop, hole and front regime,
respectively. In the hole [drop] regime one finds beside periodic solutions a homoclinic
solution representing a localized hole [drop] in an infinitely extended flat film (shown on
the lower line of Fig. 9). These localized profiles can be found in the metastable range
for flat films.

In the front regime, besides the periodic solutions, one also finds two heteroclinic
solutions that connect the lowest and the highest fixed point, thus representing localized
front or kink solutions that connect two infinitely extended flat films of thicknesses, hdm
and hum (right image on lower line of Fig. 9). The fronts exist only on the border between
metastable and stable flat films.

In the following we concentrate on the periodic solutions. They exist for parameter
ranges corresponding to linearly unstable or metastable flat films. Depending on the rel-
evant control parameters, like mean film thickness, Marangoni number and interaction
constants one can distinguish three qualitatively different families of solutions. Chosing
period as the main control parameter and fixing the mean film thickness their character-
istics are sketched in Fig. 10. The solution families are characterized by the amplitude
(left) and energy (right) of the solutions. The energy E corresponds to the functional F
(Eq. (2.49)) per length normalized by the energy of the flat film.

(a) Deep inside the linear unstable film thickness range there exists only one branch
of periodic solutions. It bifurcates supercritically from the flat film solution at L = λc =
2π/kc (Eq. (3.8)) and continues towards infinite period. Amplitude increases and energy
decreases monotonically with increasing period. The energy is always lower than the one
of the corresponding flat film.
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Figure 9. Sketched are qualitatively different phase portraits in the (h, ∂xh) plane (upper
line) and corresponding localized profiles (lower) for drop (left), hole (middle) and front
regime (right). For details on the parameters see Thiele et al. (2001c).
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Figure 10. Sketched are the three types of families of periodic solutions. In (a) and (b)
a branch bifurcates supercritically and subcritically, respectively, from the unstable flat
film solution. In (c) two branches exist that both continue towards infinite period. The
flat film is metastable. In (b) and (c) the low-energy branch corresponds to nucleation
solutions.
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(b) Closer to the metastable range but still for linearly unstable film thicknesses there
exist two branches of solutions. For both, energy decreases with increasing period. The
high energy branch bifurcates at L = λc subcritically from the flat film solution. Its
energy is always higher than the one of the flat film. This branch is linearly unstable
and represents nucleation solutions that have to be ’overcome’ if the film is to break into
finite portions with size p < λc. The energy of the lower branch decreases rapidly with
increasing period. However, there is a very small range of periods where the flat film has
the smallest energy implying its absolute stability for systems of this size. Consequently,
for this range the low-energy periodic solution is only metastable.

(c) For metastable flat films there exist two solution branches that both continue
towards infinite period. The upper one consists of nucleation solutions of different periods
that separate energetically the lower periodic solution from the linearly stable flat film
solution.

Linear stability of steady solutions The linear stability of the periodic solutions is
assessed by linearizing the full time dependent Eq. (3.1) around the periodic solutions,
h0(x). Using the ansatz

h(x, t) = h0(x) + ε h1(x) exp(βt) (3.13)

gives a linear eigenvalue problem for the growth rate β and disturbance h1.

βh1(x) = N0[h0(x)]h1(x) (3.14)

with

N0h1 = −∂x {Qhh1 ∂x(∂xxh0 − ∂hf)}
−∂x {Q∂x(∂xxh1 − ∂hhf h1)} . (3.15)

Q and f and their derivatives are functions of h0(x). To determine h1(x) and β by
continuation one has to follow simultaneously the steady solution h0(x) of Eq. (3.3) and
the solution of Eq. (3.14). Because of the variational structure of the problem all β are
real. Therefore the β can be directly determined as branching points (Doedel et al.
(1997)). The required extended system consists of 7 first order differential equations (3
for h0 and 4 for h1).

After introducing the general approach, next we will present some selected results
for the dewetting of ultrathin films on homogeneous substrates (Section 3.2) and for the
long-wave Marangoni-Bénard instability of heated thin films (Section 3.3).

3.2 Ultrathin partially wetting films

While hydrodynamical surface instabilities in thin-film flows are investigated since the
experiments of the Kapitzas (Kapitza, 1949; Kapitza and Kapitza, 1949), in soft matter
physics they became increasingly recognised as important for the structure formation
in thin films on solid substrates since the work on dewetting by Reiter only one decade
ago (Reiter, 1992). In this paradigmatic experiment a polymer film on a solid substrate
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is brought above its glass transition temperature, ruptures, and the formed holes grow
resulting in a network of liquid rims. The latter may decay subsequently into small
drops7.

The ongoing pattern formation can be described by Eq. (3.1) using a disjoining pres-
sure ∂hf(h) appropriate for the combination of materials used and accounting also for
eventual coatings. A variety of different combinations of stabilising or destabilising ex-
ponentials and power laws are used (Hunter, 1992; Israelachvili, 1992; Teletzke et al.,
1988) and still new candidates for underlying physical effects beside dispersion or elec-
trostatic forces are discussed (Pismen and Pomeau, 2000; Schäffer et al., 2003; Schäffer
and Steiner, 2002; Ziherl et al., 2000).

One of the questions discussed sometimes controversially (Bischof et al., 1996; Brochard-
Wyart and Daillant, 1989; Jacobs et al., 1998; Reiter, 1992; Thiele et al., 1998, 2001a;
Xie et al., 1998) concerns the mechanism of the rupture of the initially flat film. Does
it occur via instability or nucleation? Most literature relates the occurrence of surface
instability and heterogeneous nucleation at defects to linearly unstable and metastable
films, respectively (see Fig. 12 below and the discussion above in Section 3.1).

The importance of this question in dewetting is due to the fact that in most systems
the evolution is frozen before mayor coarsening occurs, i.e. the mechanism of the initial
rupture still determines the structure. On the contrary, for the decomposition of a binary
mixture (as described by the Cahn-Hilliard equation) there is little discussion about this
point, what rather interests there is the scaling behaviour of the long-time coarsening,
because it gives the evolution of the length scales that can be measured experimentally.
For thin films coarsening is up to now only of minor interest (exceptions are Mitlin (2001);
Bestehorn et al. (2003); Glaser and Witelski (2003); Pismen and Pomeau (2004), see also
Section 3.4) because for the used experimental systems in dewetting the time scale for
large-scale coarsening is very large.

Recent work re-evaluated for two-dimensional model systems the two rupture mecha-
nisms starting from an analysis of the solution structure of Eq. (3.1). As elucidated above
at Fig. 10 nucleation solutions exist not only in the metastable thickness range but also
in a part of the linearly unstable thickness range. These unstable solutions ’organise’ the
evolution of the thin film by offering a fast track to film rupture that does not exist in
their absence.8

For a linearly unstable film with a solution structure as in Fig.10 (b) the nucleation
solutions are unstable solutions that have to be overcome to break a film in smaller
portions than the critical linear wavelength, λc. However, they also influence the local
rupture dynamics if there exist localized disturbances of the film surface (defects) with
lateral extensions smaller than λc. Then, locally the nucleation solutions first attract
the evolution to later repel it with a well-defined rate βnuc. The rate can be obtained by

7Note, however, that descriptions of the patterns formed in this kind of process can already
be found for liquid-liquid dewetting in papers by Tomlinson (Tomlinson, 1870, footnote 18 on
p. 40) for turpentine on water and Marangoni (Marangoni, 1871, p. 352f) for oil on water.

8For the decomposition of a binary mixture Novick-Cohen (1985) discussed such solutions as
an evidence for a smooth transition from spinodal decomposition to nucleation somewhere
within the classical spinodal.
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Figure 11. Comparison of the linear growth rates of the surface instability of the flat
film (dashed lines) and of the linear unstable nucleation solutions (solid lines). In the
first (last) image the nucleation solutions (flat film modes) by dominate whereas in the
intermediate image both have equal maximal groeth rate (see Thiele et al. (2001c)).

analysing the linear stability of the nucleation solutions. This property reflects the fact
that the nucleation solutions are saddles in the space of all possible surface profiles.

To evaluate the influence of this nucleation solution mediated rupture one has to
compare the related rates βnuc and the rates of the ’normal’ linear rupture modes of a
flat unstable film given by Eq. (3.6). Such comparisons are shown in Fig. 11 for different
mean film thicknesses. The heights of the two maxima now allow to predict whether
defects have an influence on the resulting morphology or not.

As a result one distinguishes nucleation-dominated and instability-dominated behav-
iour for linearly unstable films as indicated in Fig.12 (Thiele et al., 2001a). The new
boundary separating the two sub-ranges is defined as the line where the two maxima in
Fig. 11 have the same height.

If the behaviour is nucleation-dominated an initial disturbance grows much faster
than the also active linear instability of the flat film (Fig. 13 (a)). The produced holes
expand and if the dynamically produced surface depression just outside the rim becomes
larger than the respective nucleation solution secondary nucleation events occur. The
resulting structure is a set of holes with distances unrelated to λm. It depends strongly
on the properties of the initial defect. If the behaviour is instability-dominated the initial
disturbance also starts to grow but rather acts as starting point for the most unstable
flat film mode (Fig. 13 (b)). Undulations of period λm extend laterally to give finally a
periodic set of holes nearly independent of the initial perturbation.

The qualitative result does neither depend on the details of the used disjoining pres-
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Figure 12. Stability diagram for a thin liquid film including the binodal (dashed line)
and the spinodal (solid line) for the disjoining pressure of Eq. (2.50). The dot-dashed line
indicates the boundary between nucleation-dominated and instability-dominated sub-
ranges within the linearly unstable range.

sure (Thiele et al., 2002b) nor is it expected to be different in three-dimensional systems.
Therefore our results (Thiele et al., 2001a) and Thiele et al. (2001c) explain qualitatively
why the morphological transition occurs that is shown by Becker et al. (2003). For a
detailed analysis of the result of Becker et al. (2003) and application of our findings to
further experiments (Du et al., 2002; Meredith et al., 2000) see Thiele (2003a,b)9.

9Note that in Seemann et al. (2005) our result was misunderstood (p. S285/S286). The pre-
dicted boundary between the two qualitatively different sub-ranges lies well inside the range
of linearly unstable film thicknesses, i.e. the film is not metastable as stated there. Our the-
ory even explains why ’this behaviour should be typical for thin films of Newtonian liquids
particularly in the unstable state’ (Seemann et al., 2005).
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Figure 13. Snapshots of the time evolution in the (a) nucleation-dominated and (b)
instability-dominated sub-ranges within the linearly unstable film thickness range. The
insets give the evolution time and x is given in units of the fastest growing wavelength
(for details see Thiele et al. (2001c)).

3.3 Heated thin films

The second case where the theoretical framework presented in Section 3.1 can be
applied are large scale surface deformations of thin liquid films on a smooth solid homo-
geneously heated substrate. Without heating the film is stable. However, this is no longer
the case once thermocapillary (Marangoni) effects are included. The resulting instability
evolves according to Eq. (3.1) with the additional pressure given by Eq. (2.52) (Burelbach
et al., 1988; Oron and Rosenau, 1992; Thiele and Knobloch, 2004). We consider only
parameter regimes where the short-wave convective mode (Davis, 1987; Golovin et al.,
1994) does not occur. The details of the thermocapillary instabilities depend on the as-
sumed dependence of the surface tension on temperature (Nepomnyashchy et al., 2002).
Usually it is taken to be linear (Deissler and Oron, 1992). A similar equation for a film
below an air layer of finite thickness, was given by (VanHook et al., 1997) in connection
with their investigation of the formation of dry spots. Work by Boos and Thess followed
numerically the evolution of a film profile towards rupture using the full Stokes equation
in combination with a linear temperature field (Boos and Thess, 1999), and identified a
cascade of consecutive “structuring events” pointing towards the formation of a set of
drops as the final state of the system.

In Thiele and Knobloch (2004) we revisit the problem of a heated thin film on a
horizontal and a slightly inclined substrate to study the multiplicity of solutions to the
nonlinear evolution equation and their stability properties. We also wish to understand
the effects of a small inclination of the substrate (see Section 5). The basic behaviour
is captured by a simplified model that omits complications due to effective molecular
interactions, i.e. a model without disjoining pressure. One finds that the possible steady
two-dimensional solutions of Eq. (3.1) can be determined independently of the fact that
they cannot be reached from the initial condition of a flat film by integration in time. As
for the ultrathin films studied above in Section 3.2, one encounters unstable nucleation
solutions and drop-like solutions. A difference is, that the primary instability is always
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subcritical, i.e. defects always play an important role.
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Figure 14. The amplitude ∆h ≡ hmax−hmin along single drop and multidrop branches
with microscopic contact angle θ0 = 0 as a function of period L. They are steady solutions
of Eq. (3.3) with (2.52) with Ma = 3.5, Bi = 0.5 and Bo = 1.0. The solid lines show the
primary n = 1, . . . , 5 branches where n gives the number of drops per period. They consist
of periodic nucleation solutions (lower part) and the periodic drop solutions (upper part).
The dashed lines show the different possible multidrop branches with maximal internal
symmetry (i.e. branch i : j has i identical drops of one type and j identical drops of
another type) and no dry holes. Multidrop solutions with broken internal symmetry are
present between these multidrop branches as described by Thiele and Knobloch (2004).
Every multidrop solution of this type in turn represents the starting point for i + j
branches containing finite dry holes.

There is a vast family of solutions that represents drops of different sizes separated by
dry regions of different lengths. In Thiele and Knobloch (2004) we describe and illustrate
a construction that generates all such solutions. An example for the hierarchical structure
that such families form is given in Fig. 14.

All of these solutions are nominally linearly stable, i.e. no coarsening can occur, since
drops separated by truly dry regions do not interact if no non-hydrodynamic interaction
is included. In the formulation without disjoining pressure the solutions with zero mi-
croscopic contact angle are energetically favored. However, the inclusion of a disjoining
pressure selects a certain contact angle and removes the degeneracy. In Section 5 we
discuss how the solution landscape collapses once the substrate is inclined.

In most works like, for instance, by Oron and Rosenau (1992); Thiele and Knobloch
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(2004) the temporal evolution of the pattern is restricted by rupture, i.e. it is limited to
the short-time evolution, leaving the long-time limit un-investigated. In Bestehorn et al.
(2003) a precursor film is stabilized by introducing a van der Waals term as disjoining
pressure. The model then consists of the three-dimensional version of Eq. (3.1), the addi-
tional pressure Eq. (2.52), and the first term of Eq. (2.51). Linear stability analysis, the
determination of nonlinear steady solutions, as well as three-dimensional time dependent
numerical solutions reveal a rich scenario of possible structures.

Using Maxwell-type constructions on calculates the existence regions of drops, holes,
or fronts with respect to the applied substrate temperature and the mean film thickness.
On very thin films drops should always evolve at onset whereas for thicker films, the
formation of holes is predicted. Drops, or at least one big drop on a rather thick film was
found in the experiment by VanHook et al. for an air layer, instead of holes for a helium
gas layer above a silicone film (VanHook et al., 1997). The thermal properties of the
gas layer influence the Biot number and also the Marangoni number. It seems possible
that the Helium experiment was performed closer to threshold than the one with the air
layer. According to the stability analysis in Bestehorn et al. (2003) this would explain
the patterns observed in this experiment.

3.4 Coarsening

Lλ 2 4

A

c λm λm λm

Figure 15. Schematic of the time evolution of a thin film. In the short-time evolution the
flat film ruptures, the system approaches the large-amplitude branch. In the long-time
evolution coarsening sets in and the system moves towards structures of larger length
scales.

Up to here our presentation has mainly focused on the short-time evolution, i.e.
the initial structuring process leading to the evolution of large amplitude structures
from the initial flat film state. The time and length scales of the short-time evolution
are determined by the linear modes of the flat film as sketched in Fig. 15. In a first
approximation the length scale is given by the wave length of the fastest growing linear
mode [Eq. (3.9)] and the time scale by τm = 1/βm [Eq. (3.9)]. A nonlinear rupture time
can also be determined (Sharma and Jameel, 1993), but is normally of the same order of
magnitude as the linear one.

However, all the large-amplitude periodic drops and holes are only stable when the
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analysis of their stability is restricted to instability modes of the same period. They
are all unstable to modes of larger period, so-called coarsening modes. In the long-time
evolution a coarsening process then leads in consecutive steps to the appearance of larger
and larger structures as sketched in Fig. 15. Only a structure of system size is absolutely
stable. An example of part of such a process is illustrated below by an energy-time
plot (see below Fig.21, solid line). Note, that practically the coarsening process may be
stopped by small substrate heterogeneities (see below Section 4).

h 0

x

h 1

Figure 16. Sketch of the steady solution h0 and the translational symmetry mode
h1(x) = ∂x h0(x) for a liquid front.

In a system where the basic structure consists of drops, in the course of time droplets
merge into larger droplets. Thereby the system moves along the low-energy branch of
periodic solutions (Fig. 10) towards states of lower energy. The pathway of the coarsening,
i.e. the detailed properties of the active coarsening modes can be understood from an
analysis of the linear stability of the steady solutions on the low-energy branch. The
important modes are related to the symmetry modes of the system. In general, each
continuous symmetry is connected with a marginally stable symmetry mode, i.e. with a
linear mode h1(x) that fulfills Eq. (3.14) with β = 0. For instance, situations involving
a homogeneous horizontal substrate are translationally invariant. The related symmetry
mode is the translation mode with h1(x) = ∂x h0(x) where h0 is the steady solution. For
a liquid front both are sketched in Fig. 16.

To introduce the symmetry modes for a single droplet on a horizontal homogeneous
substrate we assume that the left and the right side of the droplet are nearly decoupled
allowing to see them as two individual fronts. Then we combine the symmetry modes
of the two fronts. We obtain a translational mode when both fronts move in the same
direction and a volume mode when they move in opposite directions (see Fig. 17).

The two symmetry modes of a single droplet can be combined in the same spirit as
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Figure 17. Symmetry modes for a single droplet on a horizontal substrate. Transla-
tion mode (left) and volume mode (right) are both obtained as a linear combination of
translation modes for the two individual fronts.
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h 1
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Figure 18. Coarsening modes correspond to combinations of symmetry modes for indi-
vidual droplets. Shown are translation mode (left) and mass transfer mode (right).

above to obtain the two relevant coarsening modes for a pair of droplets. One mode
results as a combination of a leftwards and a rightwards translation of the two respective
drops (left part of Fig. 18). This leads to coarsening by translation. The other mode
combines a negative (inward) and a positive (outward) volume mode, i.e. one droplet
grows at the cost of the other one (right part of Fig. 18). This is the mass transfer mode
of coarsening. The material may be transported through the precursor film or through
evaporation/condensation. Assuming the transport equation (3.1) excludes the latter.

For unstable heated films a van der Waals interaction may stabilize a precursor film
and avoid true rupture (Bestehorn et al., 2003). A numerical study then reveals the long-
time behavior of such a system. The overall coarsening behaviour is well characterized
by a scaling law k ∼ t−ν for the dependence of the typical length-scale 1/k on time t.
We found an independent scaling factor with respect to the Hamaker constant close to
threshold. First results give a tendency for the scaling exponent as ν = 0.21±0.01. This
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indicates that the coarsening is slower than in spinodal decomposition, where β = 1/3
as given by the Lifshitz-Slyozov-Wagner theory (see for example Langer (1992)). The
inclusion of hydrodynamic effects in the description of spinodal decomposition gives even
larger exponents for the long time limit (in two dimensions β = 1/2 viscosity controlled,
β = 2/3 inertia controlled (Podariu et al., 2000)). The scaling behaviour is in general not
yet well studied. We are still far from a detailed understanding (but see Mitlin (2001);
Bestehorn et al. (2003); Glaser and Witelski (2003); Pismen and Pomeau (2004)). This
is also true for two-layer films where a variety of scaling exponents is reported Merkt
et al. (2005).

4 Horizontal inhomogeneous substrate

Several recent experiments (Karim et al., 1998; Rehse et al., 2001; Rockford et al., 1999;
Sehgal et al., 2002) involve dewetting of thin films on inhomogeneous substrates. Mostly
they aim at arranging soft matter in a regular manner as determined by the physically
and/or chemically patterned substrates. In nearly all experiments the (strong) hetero-
geneity imposes itself on the dewetting film if the length scale of the pattern is similar
to the intrinsic scale of dewetting. This corresponds to theoretical results of a variety
of groups (Lenz and Lipowsky, 1998; Bauer et al., 1999; Bauer and Dietrich, 2000; Kar-
gupta et al., 2000, 2001; Kargupta and Sharma, 2001; Brinkmann and Lipowsky, 2002)
based on a static approach using energy minimisation or a dynamic approach using a
long wave equation like Eq. (3.1) but with strong stepwise wettability contrasts (for a
discussion see Thiele (2003a)). Deposited liquid volume, chemical potential or the size of
the heterogeneous patches are used as control parameters to derive morphological phase
diagrams. However, special care has to be taken using stepwise wettability patterns in
dynamical studies because Eq. (3.1) is a long wave equation. In its derivation it is as-
sumed that all relevant length scales parallel to the substrate are large as compared to
the film thickness. This is not the case for a stepwise wettability contrast.

To understand the influence of a heterogeneous substrate in detail it is convenient to
regard dewetting on a smoothly patterned substrate using the wettability contrast as a
control parameter (Thiele et al., 2003). A film on a striped substrate is modelled using
Eqs. (3.1) and (2.50) replacing the constant κ by the heterogeneity

κ(x) = κ0

[
1 + ε cos

(
2πx

Phet

)]
(4.1)

thereby modulating the wettability of the substrate sinusoidally. κ0 is then absorbed into
the scaling. The parameters ε and Phet correspond to the maximal wettability contrast
and the period of the stripe-like heterogeneities.

Again continuation is used to determine all the stable and unstable steady solutions.
Thereby solutions determined for the homogeneous substrate or analytic solutions ob-
tained for small ε are used as starting solutions, then ε is increased to get the basic
bifurcation diagram for the transition from homogeneous to inhomogeneous substrates
and in consequence also the characteristics of the transition between coarsening and
pinning (ideal templating) in its dependence on heterogeneity strength, heterogeneity
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period and film thickness. Taking two periods of the heterogeneity as the system size
one obtains, for instance, the bifurcation diagram given in Fig. 19.
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Figure 19. Energy of steady solutions to Eq. (3.3) with (4.1) for system size L = Phet and
L = 2Phet versus the wettability contrast ε. Square and diamond denote the periodic
solutions in the homogeneous case. Solid curves correspond to L = Phet and dashed
curves to L = 2Phet. Stable (unstable) solutions are marked by thick (thin) lines. The
disjoining pressure (2.50) is used and the parameters are h̄ = 2.5, Phet = 50 and G = 0.1
(for details see Thiele et al. (2003)).

We start the analysis with the shortest system of size L = Phet. Switching on the
heterogeneity implies that the flat film is no longer a solution of Eq. (3.3) with (4.1).
The flat film solution is replaced by a periodic solution that can be given analytically
in the limit of weak heterogeneity ε � 1. Writing the heterogeneity as ε cos(kx) =
ε/2(eikx − c.c.) with k = 2π/P where c.c. stands for complex conjugate, the volume
conserving ansatz for the film thickness

h(x) = h̄+
δ

2
(eik̃x − c.c.) (4.2)

is inserted into Eq. (3.3). This gives for δ ∼ O(ε) and neglecting terms of higher order
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in ε solutions with k̃ = k and

δ =
M (h̄)

k2
c − k2

ε (4.3)

where M is the κ-dependend part of the disjoining pressure. The condition δ � 1 is only
fulfilled if P is well separated from λc. For Eq. (2.50), M (h̄) is always positive, hence for
kc > k (λc < P ) the solution is modulated in phase with the heterogeneity, i.e., the film
is thicker on the less wettable parts of the substrate. These small amplitude solutions are
linearly unstable like the flat film of the corresponding thickness without heterogeneity.
However, if the critical period is larger than the period of the heterogeneity (λc > P )
this solution has a phase shift of π with respect to the heterogeneity, i.e., the film is
thinner on the less wettable parts of the substrate. This is also the case if the flat film
of thickness h̄ is linearly stable because there k2

c < 0. These small amplitude solutions
are linearly stable.

Restricting our attention to linearly unstable film thicknesses we use the weakly mod-
ulated solution Eqs. (4.2) and (4.3) as starting solution for the continuation procedure
(Doedel et al., 1997) and compute steady solutions with period L = Phet as ε is in-
creased. The flat film and periodic solution at ε = 0 give rise to one and two solution
branches, respectively. Fig. 19 shows the corresponding bifurcation diagram. The branch
emerging from the flat film solution is for small ε well approximated by the analytical
result Eq. (4.3). The solutions on this branch are indeed in phase with the heterogeneity
whereas the branch of lowest energy (thick solid line emerging from the square at ε = 0)
that corresponds to large amplitude solutions possesses a phase shift, as one would ex-
pect from physical considerations: the drops concentrate on the more wettable patches.
The middle branch is in phase with the heterogeneity and terminates together with the
small amplitude branch in a saddle-node bifurcation. In the regarded small system with
L = Phet, the entire thick solid branch in Fig. 19 is linearly stable whereas the other two
solid branches are linearly unstable.

New solutions appear as we double the system size to L = 2Phet. Beside the already
discussed solutions with period Phet there exist also solutions with period 2Phet (dashed
lines in Fig. 19). At ε = 0 they are denoted by a diamond.

Although the solutions discussed above for system size L = Phet are still solutions,
their period is now smaller than the system size and they may be unstable to coarsening.
At least for ε = 0 this is known from Section 3.4. Let us focus on the solutions on the thick
solid branch that we will call the pinned solutions because they image the heterogeneity
in an ideal way. For ε = 0 the solution possesses two positive eigenvalues corresponding to
the coarsening modes of translation and mass transfer discussed above (Section 3.4). As
ε departs from zero the heterogeneity counteracts the coarsening and the two modes are
subsequently stabilized. For the present choice of parameters in Fig. 19 the translational
mode becomes stable at smaller ε values than the mass transfer mode implying that
the mass transfer is the dominant coarsening process. As ε increases, both eigenvalues
become negative, implying the linear stability of the pinned solution for larger ε. At the
two points where the eigenvalues cross the zero, period doubling bifurcations occur where
steady solutions of period 2Phet emerge from the thick solid line. The two bifurcations
are both subcritical hence the emerging solutions inherit the respective instability of the
unstable solutions at smaller ε (cp. Guckenheimer and Holmes (1993)).
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The four branches of solutions of period 2Phet shown in Fig. 19 have the following
linear stability. The upper thin dashed branch carries two positive eigenvalues and is
itself a saddle in function space that divides evolutions by mass transfer towards the lower
thin dashed branch and the branch of pinned solutions. The lower thin dashed branch
still has one positive eigenvalue that leads to a shift of the pattern towards solutions of
the thick dashed branch. The upper dashed branch emerging from the diamond has one
positive eigenvalue and is a saddle that divides evolutions by translation of two droplets
towards the thick dashed branch and the branch of pinned solutions. The entire thick
dashed branch is linearly stable and represents the coarse solution competing with the
pinned pattern.

Extracting the results on the stability of the pinned and the coarse solution one
can generally state that for a wettability contrast ε below a first threshold value ε1 the
coarse solution is the only stable one and also has the lowest energy. For ε > ε1 one
has multistability between the pinned and the coarse solution. In consequence initial
conditions and noise become very important for the evolution of the dewetting process.
At ε = ε2 the energies of both linearly stable solutions are equal. Above that value the
pinned pattern has lowest energy. Finally at the threshold ε3 the coarse solution ceases
to exist and for ε > ε3 the pinned solution is the only possible one.
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Figure 20. Morphological phase diagram of templating shows parameter regions in the
(ε, Phet/λc) plane with different behavior of the thin film on a heterogeneous substrate.
The shaded area separates the parameter region of coarsening from the one of pinning.
Inside the shaded band multistability is present with the pinned pattern having the
minimal energy inside the dark shaded area. The threshold values εi are indicated.
Parameters are h̄ = 2.5 and G = 0.1 (for details see Thiele et al. (2003)).

Repeating the above analysis for the full range of Phet results in the morphological
phase diagram Fig. 20 where we indicate the relation of the different borders with the
above defined εi. At low values of εPhet coarsening prevails while for large values the
pattern is pinned to the heterogeneity. At intermediate values (shaded area) the initial
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condition selects the asymptotic state due to multistability. In particular, it is not possi-
ble to pin a pattern to a heterogeneity that is much smaller than the critical wavelength
λc for the surface instability of the corresponding flat film on the homogeneous substrate.
Similar phase diagrams are also obtained for stepwise wettability contrast (Kargupta and
Sharma, 2001, 2002). This suggests that the actual functional form of the heterogeneity
is much less important than its length scale and strength.
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Figure 21. Energy for the long-time evolution for the homogeneous substrate (solid
lines) and a slightly heterogeneous substrate (dashed lines, ε = 0.001). The various
dashed lines stand for evolutions with different realizations of noise with an amplitude of
0.001. The remaining parameters are h̄ = 2.5, Phet = 50 and G = 0.1 (see Thiele et al.
(2003)).

The bifurcation and stability analysis of the possible liquid ridge solutions reveal
parameter ranges where pinning or coarsening ultimately prevail, but also allows to es-
tablish the existence of a large hysteresis between pinned and coarse solutions, i.e. a
large range where both morphologies correspond to local minima of the energy. This
characterises the pinning-coarsening transition as a first order phase transition. In the
resulting metastable range, the selected pattern depends sensitively on the initial condi-
tions and potential finite perturbations (noise) in the system as illustrated with numerical
integrations in time in (Thiele et al., 2003). Fig. 21 shows that compared to the homo-
geneous system a weak heterogeneity slows down the onset of coarsening but accelerates
the coarsening in the nonlinear regime. Recently, Grün et al. (2005) derived a stochastic
evolution equation for a thin film on a heterogeneous substrate from the Navier-Stokes
equations using long wave approximation and Fokker-Planck-type arguments.
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5 Inclined homogeneous substrate

5.1 General analysis
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Figure 22. Sketch of a sliding drop on an inclined homogeneous substrate.

For a film on an inclined substrate we are interested in stationary moving solutions
for the film thickness profile h(x, t). We use the comoving coordinate system x′ = x−vt,
where v is the dimensionless velocity. Replacing in Eq. (2.47) the time derivative ∂th by
−v∂x′h and integrating yields after dropping the dash

0 = Q(h)(∂xxxh − ∂hhf ∂xh) + χ(h) − v h− C0. (5.1)

Note, that the v is the phase velocity of the profile not the mean velocity of the liquid (cf.
surface waves). In contrast to the reflection symmetric problem of a film on a horizontal
homogeneous substrate (Section 3) here we cannot set the integration constant C0 to
zero. Consequentely one cannot integrate another time. Writing Eq. (5.1) in the form
C0 = (Γ−vh) tells that for all stationary solutions the flow in the comoving frame Γ−vh
is constant but not the flow in the laboratory frame Γ. The choice of the constant of
integration,

C0 = (Γ0 − vh0) = −χ(h0) + v h0, (5.2)

introduces a flat film solution of thickness h0. This corresponds to prescribing the liquid
volume (see Scheid et al. (2005) for prescription of the flow rate).

Beside the flat film solution given by the choice of h0 there may exist other film
thicknesses, hi, that give the same flow in the comoving frame, C0 = Γi−vhi = Γ0−vh0.
These flat film solutions correspond to the fixed points of Eq. (5.1), seen as a dynamical
system. Taking, for instance, χ(h) = αh3 there exist for a given h0 two more flat film
solutions

h1,2 = h0

(
−1

2
±
√

v

αh2
0

− 3

4

)
(5.3)

Because the film thickness has to be positive everywhere one has to choose the positive
sign in (5.3). This solution is positive for v/αh2

0 > 1, i.e. a second flat film solution exists
(called conjugate solution in, for instance, Nguyen and Balakotaiah (2000)). Note, that
the flat film solutions do not depend on the disjoining pressure Π(h). However, they are
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entirely determined by Π(h) in the limiting case α = 0 (see Eq. (3.4). The consequences
are discussed by Thiele et al. (2001c).

A linear stability analysis of the flat film yields the dispersion relation

β = −Q(h0) k2
(
k2 + ∂hhf(h0)

)
− i ∂hχ(h0)k. (5.4)

The real and imaginary parts of β(k) give the respective growth rate and downwards
phase velocity of the mode with wavenumber k.

In contrast to the existence of flat film solutions their stability does not depend on the
dynamical aspect of the problem (inclination angle and velocity), but only on ∂hhf(h0)
as for a flat film on a horizontal substrate (Section 3.1). In the limit of vanishing influence
of the disjoining pressure this corresponds to the fact that we only regard Stokes flow,
i.e. without the disjoining pressure the flat film is linearly stable for all inclination angles.
All linear modes propagate downwards with the velocity v = −Imβ/k, corresponding to
the fluid velocity at the surface of the unperturbed flat film.

Given a flat film in the linearly unstable thickness range, it will start to evolve in
time. This may lead to stationary film profiles of finite amplitude, i.e. to sliding drops
or nonlinear surface waves. They can be determined as periodic solutions of Eq. (5.1)
using continuation methods (Doedel et al., 1997) starting from small amplitude analytic
solutions.

5.2 Isothermal partially wetting case

Experiments on liquid films or droplets moving down an inclined plate study, for in-
stance, the formation of surface waves (Kapitza and Kapitza, 1949), localized structures
and their interaction (Liu and Gollub, 1994), or shape transitions of sliding drops (Pod-
gorski et al., 2001). Thereby, most studies on surface waves focus on structure formation
caused by inertia measured by the Reynolds number and modelled by Benney-type equa-
tions (Benney, 1966; Joo et al., 1991; Scheid et al., 2005). However, because there the
base flow and the ’structuring influences’ have different orders in the smallness parameter
(see Section 2.7) this type of description can normally not be applied to very thin films
or to sliding drops.

Other studies that regard the evolution of falling sheets or ridges on an inclined
’dry’ substrate encounter the problem of the moving three-phase contact line (Huppert,
1982; Silvi and Dussan, 1985) discussed above in Section 2.4. There the classical no-slip
boundary condition at the liquid-solid interface has to be relaxed to permit movement of
the contact line. This is normally done by introducing explicitely a very thin precursor
film, or by allowing for slip near the contact line, or introducing an effective molecular
interaction between the substrate and liquid into the hydrodynamic model (de Gennes,
1985; Dussan, 1979; Greenspan, 1978; Hocking, 1977; Huh and Scriven, 1971). Most work
on moving liquid sheets and ridges uses one of the first two options. Both prescriptions
avoid divergence problems at the contact line, but introduce ad hoc parameters into
the theory. These parameters, namely the slip length or the precursor film thickness,
influence the base state profile and also the characteristics of transverse front instabilities
(Bertozzi and Brenner, 1997; Hocking and Miksis, 1993; Kataoka and Troian, 1997; Spaid
and Homsy, 1996). Moreover, the equilibrium and dynamic contact angles have to be
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fixed independently when introducing the slip condition (Greenspan, 1978; Hocking, 1990;
Moyle et al., 1999). In contrast, in the absence of motion the precursor film models require
that the contact angle be zero, although once the film is in motion the dynamic contact
angle depends on the velocity of the advancing front.

Furthermore, most works (Hocking, 1990; Huppert, 1982; Troian et al., 1989) on liquid
sheets or ridges flowing down an inclined plane analyse separately the three regions (1)
upstream end, (2) central part and (3) downstream end of the ridge. Similarity solutions
in the regions (1), (2) and (3) are matched together. The power-law dependence on
time in these models is due to the fact that the situations studied are a superposition of
spreading and sliding going on forever. However, recent experiments studied stationary
drops that slide down a plate without changing their shape (Podgorski, 2000).

The explicit introduction of molecular interactions between the film surface and the
substrate into the hydrodynamic formalism by means of a disjoining pressure (Section 2.4)
can resolve the divergence problem at the moving contact line (Eres et al., 2000; Bestehorn
and Neuffer, 2001; Thiele et al., 2001b, 2002a). Depending on the particular problem
treated, this disjoining pressure may incorporate long-range van der Waals and/or various
types of short-range interaction terms Teletzke et al. (1988); Hunter (1992); Israelachvili
(1992). Because these interactions are essential for the process of dewetting, studies of
dewetting of a thin liquid film on a substrate generally involve a disjoining pressure (see
Section 3). This allows to connect the normally well separated fields of pattern formation
on horizontal and inclined substrates.
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Figure 23. Characterization of stationary travelling periodic solutions. Shown is the
dependence of the amplitude on period, L, for different mean film thicknesses, h̄ as given
in the legend. G = 0.1 and α = 0.1 (for details see Thiele et al. (2001b)).

However, only a few studies have adopted such an approach despite the fact that
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such an approach predicts all the ad hoc parameters of the slip or precursor models (i.e.,
the static and dynamic contact angle, drop velocity, and the drop and precursor film
thickness). The necessary input is a description of the wetting properties of the liquid in
terms of the parameters characterizing the disjoining pressure.

In the following we present some basic results for sliding drops and surface waves
as stationary solutions of Eq. (3.1). Specifically, we present solutions of Eq. (5.1) for
different mean film thicknesses and inclination angles. In general one distinguishes large
amplitude drop-like solutions found for small inclination angles and small amplitude
surface waves found for large inclinations. The solution families are presented for different
mean film thicknesses in Fig. 23 in the form of an inclination-amplitude plot. There the
upper (lower) branches stand for drop-like (surface wave) solutions. Note, that for small
inclinations the drop-like solutions all converge to an ’universal’ curve (solid line). Drops
along this line have a velocity and amplitude that are independent of their volume.

On the ’universal’ curve the film profile converges to a common shape: a flat drop
with a capillary ridge at the advancing front, an upper plateau of arbitrary extension
and a non-oscillatory receding front. The drops slide on a very thin precursor film (lower
plateau). Only the length of the upper plateau depends on the mean film thickness.
Choosing one of the two plateau thicknesses as h0, the other plateau thickness is given
by Eq. (5.3). The velocity of the flat drops is determined by the dynamic equilibrium
between the overall forces of gravity acting on the liquid and viscous friction. The
equilibrium does not depend on the liquid volume because both forces are proportional
to the length of the flat drop.
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Figure 24. Profiles for different drop volume for a period of L = 100000, G =
10−5, andα = 0.2. The mean film thickness is increased (values given in legend, for
details see Thiele et al. (2002a)).

Fig.24 shows the related transition, for fixed inclination angle and interaction parame-
ters, from small (asymmetric) cup-like drops to large flat drops as the volume increases.
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The two-dimensional cup-like drops correspond to cross-sections of ridge-like solutions
that are independent of the coordinate y transverse to the flow. The flat drops correspond
to cross-sections of liquid sheets of finite longitudinal extent.

Using the models that incorporate a disjoining pressure allows to study the depen-
dence of the advancing and receding dynamic contact angles on the drop velocity. We
define the contact angle as the absolute value of the slope of the profile at its inflection
point. The drop has two dynamic contact angles, the advancing angle at its downstream
front, θa, and the receeding angle upstream, θr . The differences between these angles
and the equilibrium or static contact angle, θe, obtained for α = 0 are shown in Figs. 9
and 10 of Thiele et al. (2001b), respectively10 The receeding angle is always smaller than
θe and in the velocity range studied here the absolute value of the difference between
both angles increases linearly with increasing velocity. However, it was found that the
difference between the advancing angle and θe changes non-monotonically with increasing
velocity (Thiele et al., 2001b).

For a detailed analysis of the ’non-universal’ part of the curves in Fig. 23 we refer the
reader to Thiele et al. (2001b, 2002a). Let us mention that the study of the non-universal
solutions has revealed a hysteresis effect, when jumps between small and large amplitude
solutions occur that both exist for a certain range of inclination angles for some mean
film thicknesses (cp. Fig. 23). The transition between the two branches may be called
a dynamical wetting transition with hysteresis. Such a dynamical wetting transition is
now reasonably well understood (Blake and Ruschak, 1979; Podgorski, 2000; Pomeau,
2000; Ben Amar et al., 2001; Eggers, 2004): at the macro scale it would occur when the
contact angle vanishes at finite velocity. However, as far as we know, no hysteresis has
been predicted and/or observed although it does not seem to be excluded at all from
first principles.

5.3 Heated inclined substrate

In Section 3.3 we already discussed the vast family of drop solutions that can be
constructed for a heated horizontal substrate. Next we sketch how the solution landscape
collapses once the substrate is inclined, i.e. using Eq. (2.47) with (2.52) and χ 6= 0 (Thiele
and Knobloch, 2004). On an inclined substrate the dry spots are replaced by regions of
ultrathin film, and the array of drops slides downwards. This precursor film is not the
usual static one but is dynamically produced by the ’first’ drop. Its thickness depends
on the dynamics of the system. This corresponds to the dependence of the lower plateau
thickness on sliding velocity mentioned above in Section 5.2. In Thiele and Knobloch
(2004) it is demonstrated that sliding trains of drops can be stable with respect to
longitudinal perturbations, i.e. with respect to coarsening modes. This corresponds to
similar results obtained for convective Cahn-Hilliard models (Golovin et al., 2001).

Because of the enormous degeneracy of solutions in the horizontal case there is a very
large number of slowly drifting drop-like states once the substrate is slightly inclined.
In this regime one can locate intervals in the spatial period containing no stable simple

10Note, that the results for the contact angles in lubrication approximation have to be seen as
corrections to the usually obtained proportionality v ∼ θ3 (de Gennes, 1985) that is already
absorbed into the scaling.
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Figure 25. Comoving streamlines for different inclination angles and periods when Ma =
3.5, Bi = 0.5 and Bo = 0.5. (a) α = 0.08, L = 10 and v = 0.021; (b) α = 0.08, L = 40 and
v = 0.053; (c) α = 0.215, L = 35 and v = 0.09; (d) α = 0.215, L = 25 and v = 0.21. The
last panel shows a solution on the small amplitude surface wave branch formed when the
primary bifurcation becomes supercritical (for details see Thiele and Knobloch (2004)).

traveling wave solutions. Here one expects states with complex time-dependence, but
perhaps more than that, since the profusion of unstable states suggests that the system
may wander among these states, exhibiting very long transients even when stable states
are available. At larger inclination the drift associated with finite inclination starts to
dominate the dynamics, and the primary branches become supercritical with the resulting
solutions resembling the traveling wavetrains familiar from the Kuramoto-Sivashinsky
equation. As an illustration Fig. (25) presents a selection of stationary profiles for cap-
like and flat drops and surface waves. The flow field in the comoving system is represented
by streamlines.

The main conclusion is that the degeneracy of the horizontal case influences the
inclined problem only for quite small values of the inclination angle where the dynamics
is still Cahn-Hilliard-like. For larger inclinations the system behaves much more like the
falling films under the influence of inertia studied, for example, in Benney (1966); Joo
et al. (1991) even though the theory does not retain inertial effects. Such films behave
much like the Kuramoto-Sivashinsky equation, and Thiele and Knobloch (2004) can be
viewed as a quantification of the range of applicability of this equation to thin films on
an inclined plane.
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6 Transversal instability

In the final section on systems described by the single film evolution equation (2.47)
we will focus on the transversal stability of liquid ridges on horizontal homogeneous,
horizontal heterogeneous and inclined homogeneous substrates. Thereby we follow in
part Thiele and Knobloch (2003) where the linear stability of liquid ridges on horizontal
and inclined substrates is studied as a function of their volume and the inclination. The
aim is on the one hand to understand the transition between the various instability
modes for liquid ridges on a horizontal substrate (Davis, 1980; Roy and Schwartz, 1999;
Sekimoto et al., 1987) and on an inclined plane (Hocking, 1990; Hocking and Miksis,
1993), and on the other hand to relate these findings to results for falling semi-infinite
sheets (Bertozzi and Brenner, 1997; de Bruyn, 1992; Eres et al., 2000; Huppert, 1982;
Kalliadasis, 2000; Spaid and Homsy, 1996; Troian et al., 1989; Veretennikov et al., 1998;
Ye and Chang, 1999).

In the latter case the leading front advances onto the ’dry’ substrate and may initiate
a fingering instability. It develops into an array of fingers advancing faster than the
original front. A related transverse (or span-wise) instability occurs on a liquid front
that advances as a result of a Marangoni flow induced by a longitudinal (i.e., stream-
wise) temperature gradient (Bertozzi et al., 1998; Kataoka and Troian, 1998). In both
cases the instabilities are due to differences in the mobility of the thinner and thicker
parts of the capillary ridge at the advancing front.

6.1 Linear stability analysis of a liquid ridge

We have shown in the preceding sections that continuation is a very effective method
to determine stable and unstable stationary solutions and their bifurcations by following
them through parameter space using Newton’s method (Doedel et al., 1991a,b). Here, we
also apply it to study the linear stability of the found solutions with respect to transversal
disturbances (Thiele and Knobloch, 2003). There one has to continue simultaneously the
stationary solution of Eq. (2.47), i.e. the profile h0(x) and the velocity v of the ridge, and
the solution of Eq. (2.47) linearized around h0(x). Using the ansatz

h(x, y, t) = h0(x) + ε h1(x) exp(iky + βt) (6.1)

to linearize Eq. (2.47) gives the linear eigenvalue problem for the growth rate β and
disturbance h1 as

βh1(x) = S[k, h0(x)]h1(x) with Sh1 = N0h1 + k2N2h1 + k4N4h1 (6.2)

with

N0h1 = −{Qhh1 [(∂xxh0 − ∂hf)x]}x ,
−{Q (∂xxh1 − ∂hhfh1)x}x

N2h1 = {Qh1x}x + Q (∂xxh1 − ∂hhfh1),

N4h1 = −Qh1. (6.3)

The solution of Eq. (6.2) for the (complex) disturbance mode h1(x), transversal wavenum-
ber k and the (complex) eigenvalue β has to be continued in parameter space together
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with the stationary solution h0(x). This is done using a three step procedure. First, h0

and v are calculated by continuation starting from analytically known small amplitude
solutions. The eigenvalue problem is then discretized in space and solved numerically.
However, the necessary equidistant discretisation can be used in a small parameter range
only. These restricted results are, in the third step, used as starting solutions for con-
tinuation of both h0 and v, and of the solutions to the eigenvalue problem for any set
of parameter values. The required extended system consists of 11 first order differential
equations (3 for h0 and 4 each for the real and imaginary parts of h1). Furthermore,
points of special interest such as the zeros or the maxima of the dispersion relation or
the transition between real and complex eigenvalues can be followed through parameter
space (Thiele and Knobloch, 2003).

6.2 Horizontal homogeneous substrate
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Figure 26. Overview for the transverse stability of a ridge on a horizontal substrate:
(a) Steady ridge profile h0(x); (b) Dispersion relation β(k) for the two transverse modes:
the unstable varicose mode (solid) and the stable zigzag mode (dashed). Top views of
the corresponding modes are sketched in the inset. (c) The eigenmodes h1(x) with line
styles corresponding to (b). For details see Thiele and Knobloch (2003).

First we consider the homogeneous horizontal substrate. Remember that in this case
the problem is variational implying that all eigenvalues β and eigenfunctions h1 are real.
This simplifies the above explained proceedure to the continuation of 7 first order differ-
ential equations. An individual liquid ridge is always transversally unstable with respect
to a varicose mode that emerges from the zero-eigenvalue at k = 0 connected to the vol-
ume mode for a single two-dimensional drop (cp. Section 3.4, especially Fig. 17 (right)).
It is reminiscent of the Rayleigh instability known from liquid jets (Chandrasekhar, 1992;
Eggers, 1997). Fig. 26 shows the cross section of such a ridge in (a), the dispersion rela-
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tions in (b), and the relevant eigenmodes hi(x) in (c). The second important eigenmode
is a zigzag mode emerging from the zero-eigenvalue at k = 0 representing the translation
mode for a single two-dimensional drop (cp. Fig. 17 (left)) It is always linearly stable
on the horizontal substrate but becomes important for inclined substrates. Note, that
the two modes correspond to transversally modulated volume (varicose) and translation
(zigzag) modes of two-dimensional drops (see section 3.4, Fig. 17.

6.3 Horizontal striped substrate

On a striped substrate the wettability contrast not only stabilizes the system with
respect to coarsening as detailed above in Section 4 but also stabilizes the transversal
varicose instability (Gau et al., 1999; Thiele et al., 2003). However, having in mind the
sinusoidal form of the used heterogeneity (4.1) one cannot decouple individual ridges
because their width is of the order of their distance. The interaction of the ridges in-
fluences also the transversal stability of an array of ridges. For details of the different
mode types see Thiele et al. (2003). For instance, the varicose instability can take two
forms: the instabilities of two neighbour ridges may be transversally in-phase or anti-
phase. The in-phase combination is a periodic continuation of the varicose instability of
an individual ridge and has the same dispersion relation. The growth rate goes to zero as
the wavenumber approaches zero and the eigenmode at k = 0 corresponds to the volume
mode. However, this is not the case for the anti-phase mode. For k = 0 it corresponds to
the longitudinal coarsening mode by mass transfer between the two ridges as discussed
in Section 3.4. For the zigzag mode one finds that the in-phase mode is stable as for
an individual ridge, but the anti-phase mode has a small band of unstable wavenumbers
around k = 0.
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Figure 27. The largest eigenvalues β versus wavenumber k of transversal perturbations
on a striped substrate. With increasing wettability contrast ε the range of unstable wave
numbers becomes smaller and finally vanishes (for details see Thiele et al. (2003)).

For the parameter values studied by Thiele et al. (2003) the in-phase varicose mode is
the most important one for a transversal modulation of the ridges. Its stabilisation with

50

Manuscript —- contact: thiele@pks.mpg.de – http://www.uwethiele.de – 10th March 2006



UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  UT preprint /  

increasing wettability contrast is illustrated in Fig. 27. On heterogeneous substrates all
growth rates decrease monotonously with increasing strength of the heterogeneity. This
leads first to a shrinkage of the band of unstable wavenumbers and then to the complete
stabilisation of the transversal instabilities. Already at small wettability contrast ε the
length scale of the transversal instability is much larger than the longitudinal period.
For ε = 0.001, for instance, the fastest growing mode has a wavelength of about 1000
corresponding to twenty times Phet. The critical heterogeneity where the band of unstable
varicose modes vanishes is only slightly larger than the value ε1 where the longitudinal
coarsening mode is stabilised (see Fig.20). The unstable zigzag mode stabilises at smaller
ε than the varicose modes.

Sliding ridge on inclined substrate The physical situation changes once the sub-
strate is inclined as a consequence of the broken symmetry x → −x. As a result the
ridges become asymmetric and slide down the substrate (Thiele et al., 2001b)). When
α = 0 the variational structure of Eq. (2.47) implies that v = C0 = 0. As a result the
equation is invariant under both translations in x and changes in volume (or h̄). In
particular for each set of parameter values there is a two-parameter family of solutions.
In contrast, when α 6= 0 the stationary solutions are described by Eq. (5.1) with α, v,
and C0 all nonzero. The resulting equation is still invariant under translation but no
longer under volume change. This is because a change in volume also changes the ve-
locity v. As a result only the translational neutral mode remains, i.e., only one mode
with zero growth rate exists at zero wavenumber, in contrast to the two modes for the
horizontal substrate plotted in Fig. 26. This implies that the two leading eigenmodes of
the transverse stability problem, i.e., the equivalents of the varicose and zigzag modes for
the inclined case are either no longer independent at k = 0 or only one has a zero growth
rate at k = 0. In fact we find that the first hypothesis is true: the two modes coincide
at k = 0 forming the translational neutral mode, but are distinct whenever k 6= 0 being
mapped into one another by the transformation k →−k.

The disperion relation β(k) undergoes dramatic changes when either increasing the
ridge volume or the inclination of the substrate (Fig. 28). Using as example the increase
of the inclination the different regimes are

(i) For very small inclination a varicose instability involving asymmetrically both edges
of the ridge is still the dominant transversal instability mode. The zigzag mode is
stable. Note that the character of the mode changes along the dispersion curve. In
the following we refer to the character at the maxima.

(ii) For slightly larger inclination the most unstable mode corresponds to an asymmetric
zigzag type [Fig. 28 (a)].

(iii) The dispersion curves of the zigzag and varicose modes couple resulting in complex
modes for an intermediate wavenumber range [Fig. 28 (b) and (c)]. Two maxima
evolve.

(iv) The two modes decouple again and represent spatially decoupled instabilities of the
advancing and the receding front having different growth rates and fastest growing
wavenumbers (kadv < krec). They are illustrated in a time simulation in Fig.29.

In the transition region between the instabilities (ii) - (iv) oscillatory instabilities are
present in a certain wavenumber range. However, in the cases studied the oscillatory
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Figure 28. Sketch of the different dispersion relations obtained for increasing ridge
volume or increasing inclination angle. Thick (thin) lines indicate real (complex) modes
(for details see Thiele and Knobloch (2003)).

Figure 29. Time simulation of a sliding ridge. Both, the advancing and the receding
front, get unstable to a periodic transverse instabilities and fingering can be observed.
G = 0.2, 512× 512 points, α = 0.1 and domain size 1900 (Thiele et al., 2002a).
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modes were never dominant, and may therefore be seen only when the corresponding
wavenumber is selected by the experimental apparatus.

The physical mechanism responsible for contact line instabilities can be studied us-
ing the method of energy analysis (Spaid and Homsy, 1996; Matar and Troian, 1997;
Skotheim et al., 2003; Thiele and Knobloch, 2003). The growth rate β of an unstable
mode is interpreted as an energy production rate and contributions to it from the individ-
ual terms of the linearized problem can be connected to underlying physical mechanisms
(Spaid and Homsy, 1996). The decoupled instabilities of advancing and receding fronts
are driven by gravity and by the destabilising disjoining pressure, respectively (Thiele
and Knobloch, 2003).

We close this Section with a speculation on the transversal instability found for dewet-
ting. There holes often grow in a stable way (Redon et al., 1991; Reiter, 2001; Seemann
et al., 2005), however, in a number of systems a transversal front instability of the re-
ceding dewetting front is observed. One can distinguish: (i) thickness modulations of
the outward moving liquid rim around the growing hole (Brochard-Wyart and Redon,
1992; Masson et al., 2002; Meredith et al., 2000; Sharma and Reiter, 1996), (ii) develop-
ment of relatively stable fingers that stay behind the outward moving rim (Herminghaus
et al., 2000; Reiter, 1993; Thiele, 1998), and (iii) an emanation of a structured field of
small droplets from the moving rim (Elbaum and Lipson, 1994; Kim et al., 1999; Reiter,
1993; Reiter and Sharma, 2001; Sharma and Reiter, 1996; van der Wielen et al., 2000).
Not much is known on the exact conditions for the instability to occur and to have ap-
pearance (i), (ii) or (iii). For the type (i) instability it was proposed (Brochard-Wyart
and Redon, 1992) that it is very similar to the Rayleigh instability of immobile rims as
studied by (Sekimoto et al., 1987). Type (ii) or (iii) instabilities were attributed (Reiter
and Sharma, 2001) to a combination of a Rayleigh mechanism and dissipation due to slip
(see also Thiele (1998)). The results of Thiele and Knobloch (2003) point to the desta-
bilising effect of the disjoining pressure, i.e. the effective interaction with the substrate
that is responsible for the dewetting itself. Moreover, one may argue that the sequence
of asymmetric varicose instability, asymmetric zigzag instability and decoupled front and
back instability found when increasing the driving also gives a first hint on the mecha-
nisms behind the change from instability type (i) to types (ii) and (iii) in dewetting. So
give Figs. 6 and 5 of Brochard-Wyart and Redon (1992) a rough indication for a change
from varicose to zigzag instability when increasing the driving force. A stronger zigzag
instability leading to finger formation is also seen in Fig. 14 of Reiter (1993).

7 Beyond the single evolution equation

Finally, we introduce thin film systems that can not be described by a single evolution
equation for the film thickness profile, i.e. by an evolution equation for a single conserved
order parameter field. In the simplest case the description has then to be based on two
coupled evolution equations. For systems involving a thin film with a free surface one
equation will again describe the dynamics of the film thickness profile representing a
conserved order parameter field. However, the second equation can model a conserved
or a non-conserved order parameter field.

We focus on two physical situations representing the respective two cases. In Sec-
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tion 7.1 we study ultrathin two-layer systems (Pototsky et al., 2004, 2005). There, the
two mean interface heights are conserved, i.e. the two interface profiles correspond to
the two conserved fields. In Section 7.2 we investigate chemically driven self-propelled
running droplets (Thiele et al., 2004; John et al., 2005). There, the film thickness and the
substrate adsorbate coverage correspond to the conserved and the non-conserved order
parameter field, respectively.

Note, however, that we do not cover the extensive work on thin films covered by a
layer of non-soluble surfactant that belongs to the first class, i.e. its dynamics is described
by two coupled evolution equations of conserved order parameter fields (see Oron et al.
(1997) and references therein).

7.1 Two-layer thin films

substrate

liquid1 x

z

liquid2

h 21h

gas

Figure 30. Geometry of the two-layer system.

Little is known about the behaviour of two stacked ultrathin layers of soft matter
on a solid substrate (see Fig. 30). Such a two-layer film in a open geometry11 allows for
richer dynamics than the one-layer system because, both, the free liquid-liquid and the
free liquid-gas interface evolve in a coupled way. The evolution is driven by the effective
molecular interactions between all the three interfaces separating the four material layers:
substrate, liquid 1, liquid 2 and ambient gas. Although experimental studies investigate
different aspects of dewetting for two-layer films like interface instabilities or the growth
of holes (David et al., 1998; Faldi et al., 1995; Lambooy et al., 1996; Morariu et al., 2003;
Pan et al., 1997; Renger et al., 2000; Sferrazza et al., 1997, 1998) up to now the interface
dynamics has not been studied in detail.

The most intricate question for the first stage of dewetting of a two-layer system
is which interface will become unstable and where does the film rupture. This will
determine the final morphology of the film. Experiments found roughening of the liquid-
liquid interface (Sferrazza et al., 1998) or an instability of the liquid-gas interface (Faldi
et al., 1995; Morariu et al., 2003). Holes that evolve solely in the upper layer were also
studied (Lambooy et al., 1996; Pan et al., 1997).

11In the open geometry the system has two free interfaces. On the contrary in a bounded
geometry the two layers are enclosed by two solid substrates. Then the evolution of the single
free interface can still be described by a single thin film equation (Merkt et al., 2005).
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Evolution equations for the film thicknesses h1 and h2 can be obtained by simplifying
the Navier-Stokes equations employing long-wave approximation along the lines sketched
above in Section 2 for a single layer. One obtains

∂h1

∂t
= ∂x

(
Q11∂x

δF

δh1
+ Q12∂x

δF

δh2

)

∂h2

∂t
= ∂x

(
Q21∂x

δF

δh1
+ Q22∂x

δF

δh2

)
, (7.1)

where δF/δhi with i = 1, 2 denotes functional derivatives of the total energy of the
system

F =

∫
[ρs + ρVW] dx (7.2)

and the Qik are the positive elements of the symmetric mobility matrix. The energy
F contains the densities of the surface energy and of the energy for the van der Waals
interaction (Pototsky et al., 2004). Inclusion of other interactions, like for instance, a
stabilising short-range interaction, is straightforward (Pototsky et al., 2005). Related
models were derived, for instance, assuming a lower liquid layer that is much thicker
than the upper layer (Brochard-Wyart et al., 1993), and for two-layer systems with
surfactants (and non-Newtonian behaviour) (Zhang et al., 2003; Craster and Matar,
2000; Matar et al., 2002) or including evaporation (Danov et al., 1998a,b; Paunov et al.,
1998). A two-layer system under the solely influence of long-range molecular interactions
is studied by Bandyopadhyay et al. (2005).

The system (7.1) represents the most general form of coupled evolution equations for
two conserved order parameter fields in a relaxational situation and is apt to describe a
broad variety of experimentally studied two-layer systems.

Studying Eqs. (7.1) by means of linear analysis one distinguishes two different types
of unstable modes, namely, varicose and zigzag modes that also determine the non-linear
evolution. In the model without stabilising short-range interactions studied in Pototsky
et al. (2004) they lead to rupture at the substrate or at the liquid-liquid interface. Both
modes are asymmetric since the deflection amplitudes of the two interfaces are normally
different. The mobilities have no influence on the stability threshold, but determine mode
type and the length and time scales of the dynamics.

Furthermore, the simultaneous action of the van der Waals forces between the three
interfaces allows for dispersion relations with two maxima. An experimental system
showing this unusual form of β(k) can be realized with a substrate that is less polarisable
than both layers of soft matter. If the two maxima are of equal height two modes of
different wavelength may evolve at the two interfaces, respectively. Different types of
dispersion relations and snapshots of respective time evolutions are given in Fig. 31. For
more details see Pototsky et al. (2004).

The system presented here is strongly restricted by the sole inclusion of a destabilizing
interaction. Every unstable evolution terminates with a rupture event. To be able to
study different pathways of coarsening that may occur in the long-time evolution one
has to include a stabilizing short-range interaction. In this way thin precursor films are
stabilized and a rich coarsening dynamics is found (Pototsky et al., 2005).
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Figure 31. Shown are the growth rate γ (solid lines) and the mode type φ (dashed
lines) of the leading eigenmode. (a) A varicose mode from the one-mode region at
d1 = 30, d2 = 47 and σ = µ = 1, (b) a zigzag mode from the one-mode region at
d1 = 15, d2 = 40 and σ = µ = 1. Panel (c) gives γ and φ for d1 and d2 as in (b) but
for µ = 0.1. For convenience we plot in (b) 10γ and in (a) 20γ. Snapshots from time
evolutions of a two-layer film for a Si/PMMA/PS/air system at dimensionless times (in
units of τup) as shown in the insets. (a) At d = 1.4 a varicose mode evolves leading
to rupture of the upper layer at the liquid-liquid interface. The ratio of the time scales
derived from upper and lower effective one-layer system is τup/τlow = 0.066. (b) At
d = 2.4 a zigzag mode evolves and rupture of the lower layer occurs at the substrate
(τup/τlow = 34.98). The domain lengths are 5 times the corresponding fastest unstable
wave length and µ = σ = 1 (for details see Pototsky et al. (2004)).

7.2 Chemically driven running drops

It is generally known that drops can move in externally given gradients like, for
instance, in a temperature or chemical gradient (Brochard, 1989) or most simply on an
inclined plate as discussed above in Section 5. However, drops may also move in an
initially gradientless surrounding if they themselfes change the surrounding and thereby
produce a gradient that drives their motion.

Recent experiments found such droplets on solid substrates that are chemically changed
by the droplets. A driving wettability gradient is produced by an adsorption or desorption
reaction at the substrate underneath the drop (Bain et al., 1994; Domingues Dos Santos
and Ondarçuhu, 1995; Lee et al., 2002; Sumino et al., 2005a,b).

In these experiments, a small droplet of solvent is put on a partially wettable substrate.
A chemical dissolved in the droplet reacts with the substrate resulting in the deposition
of a less wettable coating. Likewise, it may also dissolve a wettable coating exposing the
less wettable bare substrate. In both cases, the substrate below becomes less wettable
than the substrate outside the droplet. Because of the radial symmetry it is still in an
equilibrium position. However, it becomes more and more unstable. Eventually, the
symmetry is broken by fluctuations and the drop starts to move, thereby changing the
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substrate and leaving a less wettable trail behind (see Fig. 32). Similar phenomena can
be seen in reactive (de)wetting (Zheng et al., 1998), in camphor boats (Hayashima et al.,
2002), and in the migration of reactive islands in alloying (Schmid et al., 2000).

A simple theoretical argument (Brochard-Wyart and de Gennes, 1995), predicts a
monotone increase of the droplet velocity with the droplet length and the reaction rate,
in line with early experimental observations (Domingues Dos Santos and Ondarçuhu,
1995). Recent experiments (Lee et al., 2002) show also the opposite trend; the velocity
decreases with increasing drop sizes and reaction rate.

substrate

(x)

x
z

v

θr

droplet
with chemical

φ
less wettable

θa
h(x)

Figure 32. Sketch of a right moving droplet driven by a self-produced chemical gradient.

Recently we proposed and analysed dynamical models for self-propelled running
droplets (Thiele et al., 2004; John et al., 2005). Here we introduce these models us-
ing the one that only accounts for an adsorption reaction underneath the droplets but
not for a recovery of the substrate. The model consists of coupled evolution equations
describing the interdependent spatiotemporal dynamics of the film thickness h and of
the concentration of an adsorbate φ that decreases the substrate wettability. The model
equations in dimensionless form are

∂t h = −∇
{
h3∇ [∆h − ∂hf(h, φ)]

}
(7.3)

∂t φ = R(h, φ) + d∆φ. (7.4)

The first equation describes the evolution of the film thickness profile. It is based on
Eq. (2.47) with χ = 0, and incorporates a disjoining pressure following Eq. (2.51) (with
the positive sign). However, the short-range part of the disjoining pressure depends not
only on h but changes linearly with the adsorbate concentration φ

∂hf(h, φ) = − b

h3
+

(
1 +

φ

g

)
e−h (7.5)

The scaled equilibrium contact angle θe is given by cos θe = Ŝ+ 1, where Ŝ is the dimen-
sionless (negative) spreading coefficient (Sharma, 1993b) and 1/g defines the magnitude
of the wettability gradient. With Eq. (7.5), Ŝ = b− 1− φ/g and b ≥ 0, implying that θe
increases with increasing φ, i.e. the coated substrate is less wettable.

The second equation (7.4) models the evolution of the chemical concentration of the
adsorbate using a reaction-diffusion equation. The function R(h, φ) describes the reaction
that changes the wettability of the substrate and the second term allows for a (usually
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small) diffusion of the chemical species along the substrate. The main results, however,
are obtained without diffusion. As reaction term we choose

R(h, φ) = rΘ(h− h0) (1− φ) (7.6)

where r defines the time scale of the reaction. It is assumed that the reaction at the
substrate occurs only underneath the droplet as modelled by the step function Θ(h−h0),
and that it saturates at a value φmax = 1. The value of h0 is chosen slightly larger than
the thickness of the precursor film.

1e-05 1e-04 0.001 0.01
r

0

0.01

0.02

0.03
v rq

d=0
d=1

Figure 33. Characterization of running droplets stationary in a comoved frame. Shown
is the velocity v in dependence of the reaction rate r (logarithmic scale) without (d = 0,
solid line) and with (d = 1.0, dotted line) diffusion.; The remaining parameters are
g = 1.0, d = 0.0, b = 0.5 and the droplet volume is 30000 (for details see Thiele et al.
(2004)).

The model Eqs. (7.3) and (7.4) is capable of reproducing the different experimentally
found regimes. In particular, varying the reaction rate or drop volume we identify two
distinct regimes of running drops as shown in Fig. 33. For small reaction rate (or droplet
size), the chemical gradient in the drop is limited by the progress of reaction. In contrast
for a fast reaction (or large droplets), the chemical concentration at the receding end
saturates at the maximum value. The velocity of reaction-limited droplets increases,
while the velocity of saturated droplets decreases with increasing reaction rate or droplet
size. Specifically, the velocity of the droplets may increase (Domingues Dos Santos and
Ondarçuhu, 1995) or decrease (Lee et al., 2002) with their volume. If we take into account
fast diffusion of the adsorbate along the substrate the droplet velocity in the saturated
regime decreases much faster and only steady sitting drops are found at large reaction
rates.
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In addition, we find that the dynamic contact angles at the advancing and receding
edges of the droplets differ substantially. The differences between the static and the
dynamic contact angles at the front and the rear are one order of magnitude smaller than
the difference between the two static contact angles. This challenges the assumption of
equal dynamic contact angles at the front and the rear that was used by de Gennes
(1998) and Brochard-Wyart and de Gennes (1995) to develop a simple description of
self-propelled running droplets. A simple quantitative theory should instead be based
on the assumption that the respective dynamic contact angles equal the different static
contact angles at the front and rear.

An extension of the model presented here describes also experiments (Sumino et al.,
2005a,b) where the substrate recovers its original state behind the droplet through an
adsorption from a surrounding medium (John et al., 2005). This allows, for instance, for
a periodic droplet movement on circular or finite stripe-like substrates.

8 Outlook

We have given an overview of some recent developments in the description of pattern
formation in thin liquid films. Althought we have tried to allow glimpses on the general
developments of the field the presentation of the derivation and analysis of thin film
equations focused mainly on our own results. The outcome is a text that has in part
introductory and in part review character.

Specifically, on the one hand, we have focused on the common mathematical frame-
work behind all thin film systems involving a single layer of liquid. Thereby, we have
emphasised the advantages of studying the transitions between the different geometries,
i.e. from homogeneous to inhomogeneous, or from horizontal to inclined substrates. On
the other hand, we have introduced the physical questions posed by the individual sys-
tems detailing our contributions to them and their relation with the literature. We
summarise here a selection of main results for single layers of liquid:

• For the initial film rupture in the process of dewetting one has to distinguish
nucleation-dominated and instability-dominated behaviour for linearly unstable
films.

• For heated films on a horizontal substrate we have discussed nucleation and drop
solutions. It is also shown that it is possible to construct all drop solutions separated
by dry regions.

• Incorporating a disjoining pressure in the study of heated thin films on horizontal
substrates has allowed to study the long-time coarsening behaviour of the evolving
pattern.

• For dewetting on an inhomogeneous substrate we describe a pinning-coarsening
transition with a large range of multistability, implying a large hysteresis and strong
dependence on initial conditions and noise.

• Studying sliding drops on an inclined homogeneous substrate by using a model that
incorporates a disjoining pressure has allowed to calculate from surface chemistry
the usual ad-hoc parameters of models for moving contact lines.
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• For heated films on slightly inclined plates we have described a very involved transi-
tion from a Cahn-Hilliard-like to a Kuramoto-Sivashinsky-like dynamics occurring
at small inclination angles.

• Investigating the transversal instabilities of liquid ridges on homogeneous and
striped horizontal substrates and for a sliding liquid ridge on an inclined substrate
we have indicated that the mode type of the instability changes with increasing in-
clination from a symmetric varicose mode (horizontal substrate) via an asymmetric
varicose mode via an asymmetric zigzag mode to decoupled front and back modes.

Finally, we have shown two possible ways to extend the study of thin film systems beyond
the case of a single evolution equation. Especially, we have introduced models describing:
• The dynamics of a two-layer thin film that may follow different pathways of dewet-

ting;

• Self-propelled droplets driven by a chemical reaction at the substrate.
These models describe some experiments out of a large class that have to be modelled
by coupled evolution equations. Beside the cases studied here, the evolution of the film
thickness can be accompanied by phase changes as observed, for example, for liquid
crystals, block copolymers or polymer melts (Demirel and Jerome, 1999; Yerushalmi-
Rozen et al., 1999; Knoll et al., 2002; Schlagowski et al., 2002) or by density variations as
discussed in Sharma and Mittal (2002). To describe the observed phenomena involving
complex fluids it will in the future be necessary to derive coupled evolution equations for
the film thickness and fields describing the involved inner degrees of freedom.
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